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Abstract

In this paper, we use the properties of Euler’s function, elementary methods and the idea of classification

discussion to study the solvability of equation ?(X)+2=(x+2)

Keywords: Euler function; equation; solution; Mersenne prime; Twin prime.

1 Introduction

Research on Euler's function is a very important and meaningful topic in number theory. Many scholars have
studied its properties and obtained many interesting results.

Euler's function is defined as the number of positive integers that are less than or equal to n and relatively prime
to n, denoted as ¢(N) [1]. From the definition, we can see that (p(l) =1, (p(Z) =1, (0(3) =2,---. For a prime

number P, all positive integers less than P are relatively prime to P, so (p(p)z p-1. 1fn>1, let
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canonical form of N be N = P Pz...p*, where P,, P,,..., P, are different primes, I, >1 (1<i<k), then
1 1 1
p(n)=nl-—)1-—)--1-—) 2.
Py P, Px

Carmichael [3] proof that if ¢(n)=2j (j>1and jisodd), then n= p“or 2p”, p isan odd prime..
In 1945, Paul Erdds [4] conjectured that the equation

p(N)=p(n+l)=p(n+2)=---=p(n+q)

is solvable for arbitrary positive integer .

For k <30 and n in the range of 10* to 105, Lal and Gillard [5] provided the number of solutions for the
equation @ (N)=¢@(n+k). Schinzel [6,7] conjecture that for every even k , the equation ¢@(n)=@(n+k)

has infinitely many solutions, but observes that the corresponding conjecture with K odd is implausible.

Makowski [8] considered the solution of equation (p(x) * (o(k) - (p(x * k)

Patricia Jones [9] proof that if ¢(X)+¢(3)=¢(Xx+3), then
(i) x=2p“ or x=2p“—3,and prime p>3.
(ii) Either X or X+ 3 has at least 33 distinct prime factors.
(i) x =2p“, where cris odd, prime p=2(mod3), x>10", and Xx+3 has at least 9 distinct

prime factors.

V. L.klee [10] listed the values of the Euler function for N < 3000, and find that the equation
@(n)+2=¢(n+2) holds when both N and N+2 are prime, or N is the form of 4p and both

pand 2p+1 are prime.

Moser Leo [11] proof that if ¢(N)+2=¢@(n+2), then at least one of N and N+2 is of the form p“ or

2p“, and pis a prime number in the form of 4r + 3.

When X > 2, (o(X)must be even. Whenk =1, the equation (0(X)+ k= (0(X+ k) has only one solution,

which is X = 2 obviously. For odd K , it is easy to show that the equation (o(X) +k= (o(X + k) has only one

solution X =2 when K+2 is prime. For even K , it is more difficult, we study the equation
@(X)+k =@(x+k) dueto k =2, and get the following results.

Theorem 1: If prime p=3(mod4) and positive integer & satisfying

o(2p°-2)+2=9p(2p"),
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p-1

then o= 1 and both P and are primes.

Theorem 2: If prime p=3(mod4) and positive integer ¢ satisfying (0(2 p“)+2:gp(2 p* +2) ,

except for the cases when o =1 and P is a Mersenne prime, or when & =2 and P =3, any other solutions
2a

P

+1
must satisfy the following o =2*(a>1) and a)[ J>l, where @(n) denotes the number of

distinct prime factors of N.
Theorem 3: If prime p = 3(mod 4) and positive integer ¢ satisfying go( p“)+ 2= q)( pe + 2) , except

for the cases when =1, both pand p+2 are prime, any other solutions must satisfy the following
conditions, & >1isodd, p=11(mod12) and p“ has one prime factor q =1(mod3) at least.

Theorem 4: If prime p = 3(mod 4) and positive integer o satisfying go( p* — 2)+ 2= (p( pa) , except

for the cases when =1, pand p—2 are twin primes, any other solutions must satisfy the following
conditions:

(1) p=3 and 3" —2 has even number of prime factors q = 2(mod3) or
(2) p=1(mod3) and p” —2 has odd number of prime factors g = 2(mod3) or
(3) p=2(mod3), «aisevenand p” —2 has one prime factor q =1(mod3)at least .

Theorem 5: Except for X =18 or X=2Mp where M | is a Mersenne prime, or X and X+2 are twin

-1
primes, or X=2pP—2 and both pande are primes, other solutions of the equation

@(X)+2=@(x+2) must satisfy one of the following conditions:

2a
i)Xx=2p% where a=2%(a>1)and @ p~ +1 >1.
() x=2p (a>1)anda ©

(ii) x=p”, where & >1isodd, p=11(mod12) and p” has one prime factor q =1(mod3) at least .
(iii) x =3 —2and all the prime factors of X must be the form 3r + 2.
(iv) x=p“—2, where either p=1(mod3)and all the prime factors of X must be the form 3r + 2 or

p= 2(mod 3) , & is even and X has one prime factor ¢ = l(mod 3) at least.
2 Preliminaries

Lemma 1 [12]: If N is an odd integer , then (/)(2n)=(p(n). If N is an even integer , then
(/)(Zn):Z(p(n).

Lemma 2 [12]: If (p(n) =n-1, then N isa prime.
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Lemma 3 [11]: If ¢(Nn)+2=¢(n+2) then at least one of N and N+2 has the form p”or 2p“, where
p isa prime of the form 4 I +3.

Lemma 4: If go(n)zg,then n=2" (a > 0).
Proof: Let n =27 nl(a > 0,(2, nl) :1).Then

27, = 2 =p(n)= (0(2“)40(@) =2"p(n,).

so ¢(n,)=n,, wehave n, =1. Thus n=2“(a > 0).

3 Proof of the Theorems

3.1 Proof of theorem 1

For the equation (p(2 p* — 2)+ 2= (0(2 p“ ) ,since p= 3(m0d 4) and o is positive integer, then p“ —1

is even. By Lemma 1, we have
pa _ pa—l_z — 2§0( pa _1)

(1) When ¢ =1, p-3= Zgo( p —1) , itis obviously that P # 3. Since p is a prime number of the form

4r + 3, P is an odd prime. Therefore, by Lemma 1, we have
-1 -3 -1
o[ Pt _P=8_p-1
2 2 2
By Lemma 2, we have —“isa prime.

(2) When o >1is odd, there exists a positive integer M such that

p* -1=(p-1)M.

Also, since P is a prime of the form 4r + 3, it follows that is odd.Thus

2p* —2=2(p-1)M :4-'07_1-|v| period.

Therefore, 2p” —2 must have an odd prime factor not exceeding 5 S0

3 3 1 2
o(2p“-2)<(2p —2)(17}(1—'0—_1).
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Furthermore q0(2 p“ —2)= (/)(2 p"’)—2 =p*-p“t-2, so
@ pa- a 1 2
p — p 1—23(2p —2)(1—§j(l—a)

Hence ( p*t —1)( p +1) <0, itis impossible.
(3) When ¢ iseven,if p>3, since p* =1(mod2), p* =1(mod3),

p“—p“t-2=2¢p(p°-1)<2(p° —1)(1—%)(1—%).

Hence p*—3p“"—4<0, ie, p<4 iscontradictory to condition p > 3.

If p=3, then (/)(2~3“)=(p(2-3“—2)+2, by Lemma 1, we have
0(3")=20(3 ~1)+2, ie, 3" ~1=9p(3" -1).

As 3“ —1= O(mod 8) , according to the computation and properties of Euler's totient function, we can obtain

gp(3"‘ —1) =0(mod4), but 3**—1=2(mod4), itis contradictory.
Combining with (1)\ (2) and (3) , We obtain the conclusion of Theorem 1.
3.2 Proof of theorem 2

For the equation ¢>(2 p“)+2 = (p(2 p“ +2) , since q0(2 p“): p* — p*, we have

o(2p“+2)=p—p“t+2. 3.1)
(1)Whenar =1, by Lemma 1, we obtain

+1
¢(p+1):p7.

By Lemma 4, we have p+1=2” thatis p=2” —1 is a Mersenne prime.

(2) When « > 1is odd, there exists a positive integer M such that

b+l

2p* +2=4- M .

p* +1

If p+1=2", then 2p“ +2=2"".
p+1

And
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pa +1_ a-1_
p+1_p

a—2+pa—3_pa—4+”.+1>l

p

is odd. Therefore, the left side of (3-1) is

" . “+1 “+1
o(2p“ +2)=p(2" l)co(p—) = 2k¢(p—j
p+1 p+1

0(mod2“”)

But, the right side of (3-1) is
pe—pte2=p i (p-1)+2=(2"~2)(2" 1) +2
=(2°-2)(C. 2"+ CL 2P () ++ Cla2 (A1) T +1)+2
=2(C. 2N+ CL 2 () Ci2 ()

L (C Z,lzk(a_l) C Z 712k(a_z> (-1)++C ijgk (_1)a-z)+ ok
=2k (mod 2k+l)-

1
. Thus

+
Contradictory, thus p+1+# 2¢.so P“ +1 must have an odd prime factor not exceeding P

_ 1 p+1
C_ptH2=p(2p*+2)<(2p* +2)|1-= || 1-—= |,
p*—pt+ (p(p+)(p+)( 2)[ 4j

hence 3p“ — p“™ + p+5<0, it is impossible.

(3)When a=2%b, (Z,b):l, if b>1, then
2h b1, o _ 2b
p p +2_¢{2p +2y

because 2 p®"® + 2 must have factors 2 and p* +1,

(p(2 p2® +2)s(2 p2® +2)(1—%)(1— p232+1J =(pf‘b +1)E:—j.

Hence pza + p2ab - pzab’l +3<0, it is impossible. Therefore, if such an even number « exists, then it

mustbe b=1and a =2%(a>1). In this case (3-1) is

¢(2pf+2)=pf——pf4+2.

p”

1
isodd, by Lemma 1, we have

Since P isan odd prime, p? +1=2 (mod 8), thus
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2 2

p* +1 p* —p™ 42| [pZ+1 pP-1) [ p+l p26’1+1_1 :(p+1 1j:1
2 2 2 2 2 2 2’ ’

is square-free.

2 2 12
g{p +1J:p p +2. (32)

Since

28

23

(i) When a)[ P 2+1

p? +1 1 p? —p¥t+2

2

J:l, (3-2) is

itleadsto p> =3, sop=3,a=1, inthiscase x=2p¥ =2x3*=18.

. p? +1 p? +1 _ , p? +1
(ii)When @ S >1, then 5 must have an odd prime factor that is less than

0 p? +1 § p? +1 1 _pT4L /p2a+1
2 2 07 +1 2 2

2
By (3-2)
p? —p¥ 42 3 p* +1  [p* +1
2 2 2
it leads 2p? — pzw’2 +2p* ™ +1<0.When a=1, p?+2p+1<0, itisimpossible.

23
+1
Therefore, if such an ¢ exists, then it must be o = 22 (a > 1) and a{ P > ] >1.
Combining with (1)\ (2) and (3) , We obtain the conclusion of Theorem 2.
3.3 Proof of theorem 3

For (o(p“+2):¢(p“)+2:p“—p‘H+2,since
(pa+2’ pa_pa—l+2):(pa+2’_pa—l):1’

pP“ + 2 is square-free.
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(1) When =1, ¢@(p+2)=p+1, by Lemma 2, we have P+2 is prime, that is when
pand p+2 are twin primes, the equation (p( p“ +2) :go( p“)+2 holds.
(2)when oz >1and p=3, ¢(3°+2)=3"-3""+2, let 3" +2=00, .

Since 3“ +2=2(mod3), 3“+2 must have an odd number of prime factors q; = 2(mod3) (1< j <i).
(i)ifall g; =2(mod3) (1< j<i), then
(3" +2)=(q,-1)(q, ~1)--+(q; ~1) =1(mod3),
(ii) If there exists q; =1(mod3) (1< j<i), then
(3" +2)=(q,-1)(a, -1)--+(q; ~1) =0(mod 3),
but 3" —3“"+2=2(mod3), Contradiction.
(3)When p>3 and eiseven, since 3| (p” +2), we have
p - p s 2=g(p 42) <(p+2)[1-5 |
Thatis p“*(p—3)+2<0, contradiction.

(4)When p>3and a>1isodd

(i)1f p=1(mod3), then 3l p*+2, so p*+2 must have a factor 3, thus
p“—p“t+2=p(p+2)<(p” +2)(1—1J,
3
Simplifying gives p“™(p—3)+2<0, contradiction.

(ii)1f p=2(mod3), then p” +2=1(mod3). Let p*+2=0q,q,--q;.

Ifall g; =2(mod3) (1< j<i), then
gp( p* +2):(q1—1)(q2 ~1)---(g;—1)=1(mod3).

But p“—p“*+2=0(mod3) , contradiction. Thus there must at least exist one prime
a; =1(mod3) (1< j<i). Furthermore p 53(mod 4) , by Chinese Remainder Theorem, we have
p=11(mod12) and p“+2 has at least one prime factor g =1(mod3).
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Combining with (1) . (2) N (3) and (4) , We obtain the conclusion of Theorem 3.
3.4 Proof of theorem 4

For the equation go( pe — 2) +2= (o( p"’) we have
(0(I0“—2)= p*—p -2 (3.3)

(1) When o =1, (3-3) is (p(p—Z): p—3. By Lemma 2, we have p—2is prime, so when
pand p—2 are twin primes, (3-3) holds.
(2)when r>1and p=3, (3-3)is (3" —2)=3"-3""-2.

Let 3"—2=0,---Q; . If there exists a prime factor ¢;=1(mod3)(1<j<i) , then
go(B“ —2) = O(mod 3) , but 3* —3“ —2=1(mod 3), contradiction.

Since 3" —2=1(mod3), then we have all prime factors g; =2(mod3) (1< j<i) and i iseven.
(3)When o >1and p =1(mod3), we have p* —2=2(mod3), let p*-2=]]q;.
j-1
If there exists a prime factor q; =1(mod3) (@< j<i) , then (0( p“ —2) =0(mod3) , but
p“ — p“*—2=1(mod3), contradiction.
Thus all prime factors of p” —2 satisfying q; = 2(mod 3) (@< j<i)andi isodd.
(4)When o >1and p =2(mod3)

(i)If arisodd, then 3l (p“=2), therefore
o pa- p “ 1
p*—p“t—2=p(p“-2)<(p —2)(1—5],

itgives p“*(p—3)<2, contradiction.
(ii)If iseven, then p*—2=2(mod3), let p* —2=0,0,--0;.

Ifall g; =2(mod3) (1< j <i), then o( p* —2)=1(mod3), but
p* —p**—-2=0(mod3),

contradiction. Thus there exists one prime factor of p“ —2 satisfying q; =1(mod3) .

Combining with (1)\ (2)\ (3) and (4) , We obtain the conclusion of Theorem 4.
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3.5 Proof of theorem 5

By Lemma 3, we know that the solution of equation @(X)+2=¢(X+2) satisfies

X=2p” -2, p“ -2, p* or 2p“and p=3(mod4), «isa positive integer . Based on Theorem 1-4, we
can conclude that the solutions to the equation
P(X)+2=p(x+2)

satisfying one of the following:

p-1

1) x=2p—2, both pand are primes;

2) xand X+ 2 are twin primes;

3) x=18 or x=2M o+ Where M " is a Mersenne prime;

(
(
(
(

4) The other solutions X must satisfy one of the following

Za
(i)x=2p*, where & =2%(a>1)and a)[p 2+1J>1.

(ii
q
(i
(

iv) Xx=p”—2, where either p=1(mod3)and all the prime factors of X must be the form 3r + 2

)x=p”, where & >1and ris odd, p=11(mod12)and p” has at least one prime factor
1(mod3).

I) X =3% =2, and all the prime factors of X must be the form 3r + 2.

or p=2(mod3),cisevenand p* —2 has at least one prime factor q =1(mod3).

4 Conclusion

From the proof of Theorem 5, we conjecture that the solution to the equation ¢@(X)+2=¢(X+2) only

exists in the first three cases. That is, except for X =18 or X =2M b where M b is a Mersenne prime, or X

and X+ 2 are twin primes, or X=2p—2 and both p and e are primes, there are no other solutions of

the equation @ (X)+2 =@ (X+2).We hope that readers can find a solution of @(X)+2=@(X+2)that
belongs to Case 4, or prove that there is no solution that satisfies Case 4.

Acknowledgements

This work is supported by the National Natural Science Foundation of China, Project (No. 12071421).
Competing Interests

Authors have declared that no competing interests exist.

References

[1] Pan Chengdong, Pan Chengbiao. Elementary Number Theory [M](Chinese). Beijing: Peking University
Press; 1992.

131



[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

Yize and Zhongyan; J. Adv. Math. Com. Sci., vol. 38, no. 7, pp. 122-132, 2023; Article no.JAMCS.99620

Jones Gareth A, Jones Josephine M. Elementary Number Theory [M]. United Kingdom, Springer
London; 2012.

Carmichael RD. On Euler’s ¢-Function. Bull. Amer. math. Soc. 1907;13:241-243.

Paul Erdds. Some remarks on Euler’s ¢-function and some related problems, Bull. Amer. Math. Soc.
1945;51:540-544.

Lal M, Gillard P. On the Equation @(n) = @(n + k). Mathematics of Computation. 1972;26:579-83.

Schinzel A. Sur I’ equation @(X+k)=@(X).Acta Arith. 1958;4:181-184.

Schinzel A, Wakulicz A. Sur I’ equation @ (X+k)=@(X) 1. Acta Arith. 1959;5:425-426.

Makowski A. On Some Equations Involving Functions ¢(n) and o(n). The American Mathematical
Monthly. 1960;67:668-70.

Patricia Jones. On the Equation ®(x) + ®(k) = ®(x+k), Fibonacci Quart. 1990;28:162-165.
Klee VL. Some Remarks on Euler’s Totient. Monthly. 1947;54:332.

Moser, Leo. Some Equations Involving Euler’s Totient Function. The American Mathematical Monthly.
1949;56:22-23.

Burton DM. Elementary Number theory [M]. New York: Tata McGraw-Hill Publishing Company Limited;
2006.

© 2023 Yize and Zhongyan; This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your
browser address bar)

https://www.sdiarticle5.com/review-history/99620

132


http://creativecommons.org/licenses/by/3.0

