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Abstract

In this paper, we implemented a very important method liee swonlinear partial diﬁerentijl
equations known as thexp(—¢(¢£)) -expansion method. Recently, there are several methods
being constructed for finding analytical solutions of nonlineatigladifferential equations
However, theexp(¢(¢)) -expansion method is more effective and useful for solvirgy
nonlinear evolution equations. With the help of this methasl,ave investigated the exact
traveling wave solutions of the Zhiber-Shabat equation. Theirobg exact solutions of this
equation are describe many physical phenomena in maibahphysics such as solid state
physics, plasma physics, nonlinear optics, chemicedtids and quantum field theory. Further,
three-dimensional plots of the solutions such as solitongooyugeriodic, singular kink and
bell type are also given to visualize the dynamics ottheation.
Keywords: Theexp(¢(¢)) -expansion method, the Zhiber-Shabat equation, nonlinear evolution
equations, traveling wave solutions, solitary wave swohsti
M athematics Subject Classification: 35K99, 35P05, 35P99.

1 Introduction

Nonlinear partial differential equations (NLPDES) have bewtely applied in many branches of
applied sciences such as fluids dynamics, bio-mechaniesnical physics, particle physics,
qguantum field theory, optical fibers and plasma physics let the research of the theory of
NLPDEs, searching for more explicit exact solutions td?NEs is one of the most fundamental
and significant studies in recent years. With the helgomputerized symbolic computation,
much work has focused on the various extensions and appfisatif the known algebraic
methods to construct the solutions to NLPDEs. There have &eemious types of powerful
methods for solving NLPDEs. Recently, many types of affeanethods have been proposed to
calculate exact solutions of nonlinear NLPDEs. For exantpé&jmproved F-expansion method
[1], the Jacobi elliptic function expansion method [2,tBE projective Riccati equation method
[4], the tanh-function method [5-8], the inverse scattering toamsmethod [9], the Exp-function
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method [10-13], the tanh-method [14,15], the extended tanh-m§tbpd7, 18], the exponential
function method[18], the sB¢antf method [18], the(G'/ G) —expansion method [19,20], the
homogeneous balance method [21-23], sine-cosine method [24r&6]the expt@(<)) -

expansion method [26,27] etc. But nobody has researcheapiieation of theexpt@(¢)) -

expansion method to construct the exact travelling vgalations of the Zhiber-Shabat equation,
which is very important to describe many physical phenamermmathematical physics such as
solid state physics, plasma physics, nonlinear optiesnidal kinetics and quantum field theory.

The paper is organized as follows: In section 2, we hawsepted the briefly description of the
exptd(€)) expansion method. Section 3 is devoted to derive the traveftivg solutions of

the Zhiber-Shabat equation using this method. The physicatpiatation and graphical
representations of the solutions are presented in sectidre4ohclusion is given by in section 5.

2 Description of the exp(-o(¢)) -Expansion M ethod

Let us consider a general nonlinear PDE in the form
F(u'ut'ux'uxx’utt*utxi"')v (1)
where u =u(x,t) is an unknown functionF is a polynomial inu(X,t) and its derivatives in

which highest order derivatives and nonlinear terms are inv@wedhe subscripts stand for the
partial derivatives. The main steps of this method afellasvs:

Step 1: Combine the real variables andt by a complex variablé
u(x,t) =u($), ¢ =x=*ct, )

whereV is the speed of the traveling wave. The travelingeMaansformation (2) converts Eq.
(1) into an ordinary differential equation (ODE) for= u(¢):

D(u,ur,u",um,_”), (3)

where [ is a polynomial ofu and its derivatives and the superscripts indicate the oydinar
derivatives with respect té .

Step 2. Suppose the traveling wave solution of Eqg. (3) can be exqatessfollows:
u(é) = Axpt®(4) | )
i=0

where A (0<i< N) are constants to be determined, such tAgtZ 0 and ® = ®(¢)
satisfies the following ordinary differential equation:
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P'($) = exp®(S)) + uexp@($)) + A,

Eq. (5) gives the following solutions:

Family 1: When u # O, N2 -4 >0,

—J (¥ = 4p) tan?[(/]zz_M (&+ E)] -

®() =In -

Family 2: When i # 0, N2 —-4u<0,

D) =In

J@u-1) ta{v@’uz_f) (6+ E)] -

2u

Family 3: When £ =0, A# 0, and A* =44 >0,

_ A
ma_'%§m0@+arﬂj

Family 4: When £z 0, A #0, and A* —44 =0,

(@ :In(— 2(A(& + E)+2)J

A(E+E)
Family 5: When £4=0, A =0, and A* =44 =0,

®(¢) =In(§ +E)

®)

(6)

)

(8)

9)(

(10)

Ay ,C, A, u are constants to be determined Iatré{\, # 0, the positive integeN can be
determined by considering the homogeneous balance betweéigliest order derivatives and

the nonlinear terms appearing in Eq. (3).
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Step 3: Substitute Eq. (4) into Eq. (3) and then we account the funetp-® (<)) . As a result
of this substitution, we get a polynomialep(—®(¢£)) . We equate all the coefficients of same
power of exp(-®(&)) are equal to zero which yielding a system of algelegigtions. Solving
the obtaining system, we can find the value Af A, ------ ,C . Substituting the values of

ALA - ,C into Eq. (4) along with general solutions of Eq. (5) cotgde¢he determination of
the solution of Eq. (1).

3 Some new Exact Travelling Wave Solutions of Zhiber-Shabat
Equation

Let us consider Zhiber-Shabat equation [28] of the followargf

0z +pe’ +gef +re? =0 (1)
oxot

where, p, gandr are arbitrary constant. F@ =0, Eq. (11) reduces to the Dodd-Bullough-

Mikhailov equation. Forp=0, g=-1, r =1, Eq. (11) gives the Tzitzeica-Dodd-Bullough

equation. . For =0, we obtain the sinh-Gordon equation. The above mention eqgsiaise in
many applications in mathematical physics.

If we introduce the following transformations

u(x t) =) = y(€), &=x-ct (12)

then the Eq. (14) can be reducing to a nonlinear ordinaireéliftial equation as follows:
—c(w" -u'?)+pud+qu+r =0 (13)
where, primes denotes the differentiation with regard tBy balancinguu’ and u, the pole of

the equation (13) idN = 2. Therefore, theexp(—¢(¢)) -expansion method admits the solution of
(13) in the form

u(é) = A + A expp$)) + A (exptA ), A #0 (14)

By Substituting (5) and (14) into the Eq. (13) and equating théficieat of (expE@(<)))',
(i=0L2,---,6)are equal to zero, yielding a set of algebraic equatiefsllaws:

—2cA; + pA; =0 (15)
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3pAA; —2cA;A - 4cAA, =0 (16)
—6CAA, ~CA +3pA) A7 ~5CAAA +3pATA, =0 (17)
PA’ ~10cA A4 = 2CA At = C AZA +6pAy A A, ~ CAA N +20A; 1A —2cA)A =0 (18)
2¢ A7 11* +3pAy A7 —8CA A 1 — BCA A — ACA A A® + OA, + 3PATA, +CA A LA = 0 (19)
2 A A U* +3PAT A = 2CA AU~ CA AN® + QA + CATAL — BCA AL LA = 0 (20)

r—2cAA % +CA 1 +aA —CA AN+ pA =0 (21)

Solving the algebraic Eqg. (15) to (21), we obtain a set oftisol as follows:

{C Co pe X JCUARLE - AW - AN ~BA AU+ AR +2A A A )
) A ) A )
2,2 _ 22— 2 2 2
__CRAL -AA, i/:bAweAb L NN :Az}
(22)
wherec , A Ay, A, andy are arbitrary constants.
By substituting (22) into Eq. (17), we have
u(é)= A + A expta) + A (exp ¢ &)’ (23)

where £ = X—Cct.

Again, by use of the Eq. (6), (7), (8), (9), (10), (12) &2, the travelling wave solutions of the
equation Eq. (11) are obtained as follows:

When u # 0, A* —4u>0,we find that

Z,(x)=In] A, - A A, @2/’ ‘A @2# %
\/ﬁtanh%(x—cH E))+ A \/ﬁtanh%(x—cH E))+ A

where Q = A% — 4,U , andE is arbitrary constant.

When p # 0, A* —4u <0, we find that
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2

Z,(6t) =Inl A, + A A \FZ" ‘A, rzﬂ - (25)
\/ﬁtan(%(x—cHE))—/i \/ﬁtan(%(x—cHE))—/l
where Q = 4,u - ) , andE is arbitrary constant.

When /=0, A#0, and A* -4 > 0, we find that

Hbn= In{pb " A{exp@(x—cﬁ E)) —J ' Az(eXP@(X‘C“ £) ‘J ()

where E is arbitrary constant.

When A2 =41 =0,4#0,A#0, we find that

B ) X(x-ct+E) R(x-ct+E) )’
Zalxt)=im A AAZ(/](X—CHE)+2J+A2[/1(x—ct+E)+2] ’ @0

where E is arbitrary constant.
WhenA? =44 = 0,1 = 0,4 = 0, we find that

Z(x,t) = In{Ab -A Az[;j+%(;jz}, (28)

X—-ct+E X—-ct+E

where E is arbitrary constant.
4 Physical I nter pretation

In this section, we describe the physical interpretatiml graphical representation of the
solutions of the Zhiber-Shabat equation.

4.1 Inter pretations

Solitons are solitary waves with elastic scattering prgpeshich described many physical
phenomena in soliton physics. Soliton retain their shapgspeed after colliding with each other.
Soliton solutions also give rise to particle-like structusch as magnetic monopoles etc. So,

soliton are everywhere in the nature. The soluﬁlrﬁx,t) in Fig. 1 of the equation (11) is
represented the soliton solution fde=1 wu=-1, Aj=1 A, =2, c=5 A=1 with
-10< x,t <10.
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Fig. 1. Exact soliton solution, shape of solution Zl(x,t)when E=1 u=-1 A =1
A, =2, c=5A=1and -10< x,t<10

Solution Z3(x,t) of the equation (11) is cuspon which is shown in Fig. 2Horl, x4 =0,

Ay=2, A,=3 c=1 A=05 with —10< x,t <10 .Cuspons are other kinds of solitons
where solution exhibits cusps at their crests.

Fig. 2. Exact cuspon solution, shape of solution Z3(X,t)when E=1 =0, A=2 A, =3
c=1,A1=05and -10< x,t<10
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The squtionZz(x,t)of the equation (11) is presented the periodic travelliagensolution for
various values of the physical parameters. The Figas3bdeen shown the shape of the solution
Z,(x,t) for E=1 p=1 A =1 A, =2 c=-1 A=-1with —10< x,t <10.

—1in . 10
Fig. 3. Exact periodic travelling wave solution, shape of solution Zz(x,t) when E=1,
“H=L A =LA =2 c=-LA=-1and -10=<x,t<10

The squtionZ4(x,t)of the equation (11) is described the exact singular kip& splution which
isshowninFig. 4foE=1 u=1 A, =15 A, =-2, c=-1 A =2 with -10< x,t <10.

Fig. 4. Exact singular kink typetravelling wave solution, shape of solution Z4(x,t) when
E=1 y=1L, A=15A,=-2 ¢c=-1, A=2 and -10< x,t <10
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Finally, solution Zs(x,t)of the equation (11) is represented the exact Bell tygbitary wave
solution which is shown in Fig. 5 f@&=-05 A, =1, A =15 E=1 g =0, A =0 with
-10< x,t <10.

Fig. 5. Bell type solitary wave solution, shape of solution ZS(X,t) when c=-05 A, =1,
A =15 E=1 =0 A=0and -10< x,t<10

4.2 Graphical Representations

The graphical illustrations of the solutions are gibetow in the figures (Figs. 1-5) with the aid
of Maple.

5 Conclusion

In this paper, thexp(¢(£)) -expansion method has been successfully applied to constmct ne
travelling wave solutions for the Zhiber-Shabat equatiore Pparformance of this method is
reliable, convincing and can be used to other NLEEsridirig exact solutions. A variety of
distinct physical structures such as solitons, cuspon,dierisingular kink and bell type solitary
wave solutions were formally derived. Although the methad b lot of merit it has a few
drawbacks, such as, sometimes the method gives solutiodssduoised versions of known
solutions that may be found by other methods.
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