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ABSTRACT

The present analysis deals with the study of stagnation point flow of a Williamson fluid over a
nonlinearly stretching sheet with thermal radiation. The partial differential equations governing this
phenomenon were transformed into coupled nonlinear ordinary differential equations with suitable
similarity transformations. These equations were then solved by numerical technique known as
Keller Box method. The various parameters such as Prandtl number (Pr), velocity ratio
parameter(e), Williamson parameter (A) and Radiation parameter (R) and non linear stretching
parameter (n) determining the velocity and temperature distributions, the local Skin friction
coefficient and the local Nusselt number governing such a flow were also analyzed. On analysis it
was found that the Williamson fluid parameter (A) decreased both the fluid velocity whereas an
increase in (A) increased wall skin-friction coefficient. The wall temperature gradient increased with
an increase in Pr but decreased with radiation parameter R.
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1. INTRODUCTION

The study of two-dimensional boundary layer
flow and heat mass transfer over a nonlinear
stretching surface has enormous applications in
different areas. Its industrial applications include
aerodynamic extrusion of plastic sheets,
condensation process of metallic plate in a
cooling bath, extrusion of a polymer sheet from a
dye or electronic chips and many others. During
the manufacture of these sheets, the final
product of desired characteristics depends on the
rate of cooling and the process of stretching.
Crane [1] demonstrated an exact analytical
solution for the steady two-dimensional flow due
to a stretching surface in a quiescent fluid.
His work was later extended by many
authors wherein they considered various flow
aspects and obtained similarity solutions
[2-7].

All the above mentioned studies confined their
discussions by assuming stretching sheet to be
linear. However, study by Gupta and Gupta [8]
revealed that the stretching of the sheet may
not necessarily be linear. Vajravelu [9] studied
the flow and heat transfer characteristics in a
viscous fluid over a nonlinearly stretching sheet
without heat dissipation effect. Cortell [10]
has worked on viscous flow and heat transfer
over a nonlinearly stretching sheet. Raptis and
Perdikis [11] studied viscous flow over a
nonlinear stretching sheet in the presence of a
chemical reaction and magnetic field. The
comprehensive references regarding the flows
over a non linear stretching under different
physical situations can be obtained in the
literature [12-17].

On the other hand, Hiemenz [18] first studied the
steady flow in the neighbourhood of a stagnation-
point. Chiam [19] investigated the problem by
combining the works of Hiemenz [18] and
Crane [1] and he assumed that the plate is
stretched in its own plane with a velocity
proportional to the distance from the stagnation
point such that this velocity is identical to the
stagnation flow velocity in the inviscid free
stream. He then concluded that the flow near the
plate is identical to the inviscid flow far from the
plate and hence found no boundary layer
structure near the plate. Mahapatra and Gupta
[20] reinvestigated the stagnation-point flow
problem towards a stretching sheet with different

stretching and straining rates and found two
kinds of boundary layer near the sheet
depending on the ratio of the stretching and
straining rates.

In non-Newtonian fluids, the most commonly
encountered fluids are pseudoplastic fluids
whose behaviour has been explained by
proposing different models like power law model,
Carreaus model, Cross model, Ellis model and
Williamson fluid model. The Williamson model of
non-Newtonian fluid is very much similar to the
blood as it almost completely describes the
behaviour of blood flow. Wiliamson [21]
explained the flow of pseudoplastic materials and
proposed a model equation to describe the flow
of pseudoplastic fluids and the results were
experimentally verified. The effects of heat and
mass transfer peristaltic flow of Williamson fluid
in a vertical annulus has been discussed by
Nadeem et al. [22]. Vajravelu et al. [23] analyzed
peristaltic transport of a Williamson fluid with
permeable walls in asymmetric channel, Dapra
and Scarpi [24] developed the perturbation
solution for a Williamson fluid injected into a rock
fracture. Cramer et al. [25] showed that the
Williamson fluid model fits the experimental data
of polymer solutions and particle suspensions
better than other models. The power law model
for pseudoplastic fluids predicts that with
increasing shear rate, the apparent/effective
viscosity should decrease indefinitely, which
means infinite viscosity at rest and zero viscosity
as the shear rate approaches infinity. A real fluid
has both minimum and maximum effective
viscosities depending upon the molecular
structure of the fluid. Both the minimum (u..) and
maximum viscosities (u,) are considered in the
Williamson fluid model. So, for pseudoplastic
fluids (for which the apparent viscosity does
not go to zero at infinity), it will give better
results. Several studies were carried out for
Williamson fluid model under different flow
patterns [26-30].

A new dimension introduced to the study of flow
and heat transfer over a nonlinear stretching
sheet is by considering the effect of thermal
radiation. When the difference between the sheet
and the ambient temperature is large the thermal
radiation effects are quite significant, and also at
high operating temperature the presence of
thermal radiation alters the thermal boundary
layer structure. Thermal radiation plays an



important role in controlling heat transfer process
in polymer processing industry and also in the
field of space technology. In such industrial
processes knowledge of radiative heat transfer
becomes relevant. Krishnamurthy et al. [31]
studied effect of chemical reaction on MHD
boundary layer flow and melting heat transfer of
Williamson nanofluid in porous medium. Gorla et
al [32] obtained dual solutions for stagnation-
point flow and convective heat transfer of a
Williamson nanofluid past a stretching/shrinking
sheet. Thermally radiative three-dimensional flow
of Jeffrey nanofluid with internal heat generation
and magnetic field has been discussed by
Shehzad et al. [33]. Suction, viscous dissipation
and thermal radiation effects on the flow
and heat transfer of a power-law fluid past
an infinite porous plate was analyzed by
Rafael Cortell [34]. Further information on
radiative heat transfer flows can be found in
[35-38].

However there are no studies on the stagnation
point flow of a Williamson fluid over a nonlinearly
stretching sheet with thermal radiation. Very few
studies include such fluid model. To the best of
our knowledge this is the first study to consider
this fluid model over a nonlinear stretching sheet
.The main objective of the present work is to
study the stagnation point flow of a Williamson
fluid over a non linear stretching sheet with
thermal radiation. The momentum and energy
equations are transformed into a set of ordinary
differential systems and then  solved
implementing the Keller Box method.

2. MATHEMATICAL FORMULATION

Consider a steady two dimensional laminar flow
of an incompressible Williamson fluid over a
horizontally stretching sheet coinciding with the
plane y = 0 as depicted in the Figl. Two equal
and opposite forces are applied along the x -axis
to produce stretching, i.e., the x-axis is taken
along the stretching surface in the direction of the
motion with the slot as the origin, and the y-axis
is perpendicular to the sheet in the outward
direction towards the fluid. The flow is assumed
to be confined in a region y >0. It is also
assumed that the velocity of the ambient fluid is
U.(x) = ax™ where a is a positive constant and
the stretching sheet velocity is U, (x) = cx™
where ¢ >0 is constant of proportionality, T,,, T.
are the uniform temperature at the sheet, free
stream temperature respectively and n is the
power index related to the surface stretching
speed.
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Fig. 1. Physical sketch of the given problem

Details of the Williamson fluid model can be
found in Nadeem [39]. For the present fluid
model, the Cauchy stress tensor S is defined
as;

S=—-pl+7
Ho — .uw)
= o —_— A
t (“ Rrpyovy A
where p is the pressure , I is the identity

vector, T is the extra stress tensor, u,, U. are
the limiting viscosities at zero and infinite
shear rates, ' > 0 is a time constant, 4, is the
first Rivlin-Erickson tensor, and ~ y is defined
as

y = \/% , T = trace(4?)

where T is the second invariant strain tensor.
Here we have only considered the case for
which

Uo=0and < 1.

Then, we obtain

T=p(1+Ty)4A

r=(”°)A1 or
1-Ty

The governing boundary layer equations for
flow and heat transfer in the absence of body
force are given by

ou  du

1o =0 @
ou ou a%u Ve ou 9%u

u— V—=V— Uo— VZV['__ 2
ax + ay dy?2 + ax + dy 0y? ( )
aT aT Kk 9T 19

w1 L dar 3)
ox dy  pCpay? pCp Oy

The corresponding boundary conditions [9] are



u=U,=cx", v=0 T=T, aty=0
u - U, T - T, at y-o (4)
where x and y denotes the cartesian

coordinates along and normal to the sheet,
respectively, u, v are the velocity components in
X, y direction respectively. Here, ¢ (¢ > 0) is the
surface stretching sheet related parameter, v is
the kinematic viscosity, p is the viscosity, k is
the thermal diffusivity of the fluid, C, is the
specific heat.

Following Rosseland approximation, the radiative
heat flux q, is modelled as

qr = _(3,{*

40 | AT

) oy (5)
where ¢* is the Stefan-Boltzmann constant and
k* is the absorption coefficient. Assuming that
the differences in temperature within the flow are
such that T* can be expressed as a linear
combination of the temperature, we expand T* in
a Taylor's series about T.. we obtain

4 x 32
%=_16Tma 6_T (6)

ay 3k* 0y?

using eq.(8) in eq.(3) we obtain

T T K 9°T
u—+v—-= —

1 16T40* 9%T
ox ay pCpdy? ~ pCp 3k*

= @)

By wusing the following suitable similarity
transformations

u=erf o), v= v XD )

+ n—1 ,
a1 1S ml
T —Tw c(n+1) 71t

= y —X 2
Ty —Tw 2v

o) = 8

’

The governing partial differential equations are
transformed into following ordinary coupled
nonlinear differential equations

,,,,,

frHff =2 =)+ f =0 (9

n+1
(1+42)0" +Prfo'=0 (10)

and the boundary conditions are transformed into

fa=1 f=0,0m=1 atn=0
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f'(n)—>e, ) >0 atn=r

3n-1 3
c’(n+1
A=Tx 2 f—(v ) )
_ 40" T°

R =——+ denotes the Prandtl Number,
velocity ratio parameter, Williamson parameter
and the radiation parameter respectively.
The skin friction coefficient ¢, and the local
Nusselt number Nu, at the stretching surface
defined as

(11)

o
Where =52 ¢=2
K c

T Xqw
Cr= = Nu, =
I pun? T R(Te=Ty)

12)

Where t,and g,, are the shear stress along the
sheet and the heat flux from the surface which
are given by

_ fou | T [fou)? _ (T
Ty = H(@ +5 (5) )y=o' aw = —k (ay)y=0(13)
1 1 E
2 — " h ! 2 —
and RelCy = (f'+2 f )y=o' ReZNu, =
4R '
~(1+%2)0'©
1 U,
where Rel = %" is local Reynolds number
3. RESULTS AND DISCUSSION
The transformed momentum and energy
Egs.(9)—(10) subjected to the boundary

conditions Egs. (11) were numerically solved by
using Keller Box method. Figs. 2-6 are plotted for
the velocity and temperature profiles for different
values of governing parameters. In order to find
the accuracy of our work, a comparison has been
made with the previous results of Nadeem and
Hussain [40], Gorla and Sidawi [41] and we
obtained excellent agreement which are
displayed in Table 1. Moreover, the values of
skin friction coefficient and local Nusselt number
for different parameters are given in Tables 2
and 3.

Table 1. Comparison for viscous case —0'(0)
with PrforA=e=R=0

Pr Present Nadeem and Golraand

result Hussain [40] Sidawi [41]
0.07 0.06602 0.066 0.066
0.2 0.1691 0.169 0.169
0.7 0.45392 0.454 0.454
2 0.91136 0.911 0.911




The influence of velocity ratio parameter ¢ and
Williamson parameter A are displayed in Figs. 2
and 3. The behavior of € (which denotes the ratio
of free stream velocity to the velocity of the
stretching sheet) on the velocity field can be
observed from Fig. 2. The velocity of the fluid
and the boundary layer thickness increases
when free stream velocity is less than the
velocity of the stretching sheet with an increase
in . However when free stream velocity exceeds
the velocity of the stretching sheet, the velocity of
the fluid increases where as the boundary layer
thickness decreases with an increase in ¢.

Fig 3 shows the variation of Williamson
parameter A on velocity profile. It can be
observed that velocity decreases with increase
in Williamson fluid parameter A; because after
increasing Williamson fluid parameter A the fluid
offers more resistance to flow which decreases
velocity.

n=1
— —n=2
—-— =5 ||

Fig. 4. Velocity profile for varying nonlinear
stretching parameter

Monica et al.; ACSJ, 13(4): 1-8, 2016; Article no.ACSJ.25144

Fig. 4 shows the effect of nonlinear stretching
parameter on velocity profile. The velocity of the
fluid increases with the increase in nonlinear
stretching parameter. As a result the momentum
boundary layer thickness increases. From the

graph no specific variations were observed when
2n

nis large. This is because of the term — which

n
approximately approaches to 2 when n reaches
infinity .Therefore the observations for the large
values of n is not a study of interest.

Fig. 5 shows the temperature profile for various
values of Pr. It is clear that the dimensionless
parameter 8 decreases with the increase in
Prandtl number. Since the Prandtl number is the
ratio of momentum diffusivity to thermal

diffusivity; it reduces the thermal boundary layer
thickness. In general the Prandtl number is used
in heat transfer problems to reduce the relative
thickening of the momentum and the thermal
boundary layers.

Fig. 3. Velocity profile for varying 4

Pr=0.71
——Pr=1
——Pr=3
Pr=5

Fig. 5. Temperature profile for various values
of Pr



Fig. 6 represent the temperature profiles for
various values of the thermal radiation parameter
R. It can be observed that an increase in the
thermal radiation parameter R produces a
significant increase in the thickness of the
thermal boundary and so the temperature
distribution increases. The effect of R is to
enhance the heat.

Table 3 shows the variations of skin friction

1

coefficient ReZC; for various values of A, £ and
n. It can be observed from the table that the
values of skin friction coefficient increases when
Williamson parameter, nonlinear stretching
parameter n and velocity ratio parameter ¢
increases. Table 3 presents the variation in Local
Nusselt number with respect to various flow
parameters. It shows that heat transfer rate
—0'(0) decreases for radiation parameter R
but for the Prandtl number — 8 (0) increases.

1

0.9+
R=0
——R=02
——R=06
—R=1

08

0 ‘1 ‘2 3 4 5 6
Fig. 6. Temperature profile for various values
of R
Table 2. Computed values of skin friction

1

coefficient Re2C; for various values of A,
€and n

n 1
Rein
0 0.37936
0.1 0.4248
0.2 0.4705
0.3 0.51643
15 1.06418
1 0.1
0.8 0.24303
0 1.09675
1 0.4307
5 0.5063
10 0.52153
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Table 3. Computed values of Local Nusselt
number —0 '(0) for various values of Pr

and R
Pr R -0'(0)
1 0.74721
2 1.04793
3 1.27723
0.1 0.66742
0.5 0.55277
1 0.46885

4. CONCLUSION

In the present study we have investigated the
stagnation point flow of a Williamson fluid over a
nonlinearly stretching sheet with thermal
radiation by employing a finite difference
techniqgue known as Keller Box method. The
important findings are concluded as follows.

* With an increase in Williamson fluid
parameter A, the velocity of the fluid
decreased whereas the Skin friction
coefficient increased.

* The velocity of the fluid and the boundary
layer thickness increases for ¢ < 1 and
velocity increases and the boundary layer
thickness decreases for ¢ > 1 with an
increase in «.

* Nonlinear stretching parameter increases
the flow field velocity.

 The thermal boundary layer thickness
decreases with the effect of Prandtl
number but the opposite effect is
observed with the radiation parameter.

* The wall temperature gradient increases
with an increase in Pr but decreases with
radiation parameter R.

COMPETING INTERESTS

Authors have declared that

interests exist.

no competing

REFERENCES

1. Crane LJ. Flow past a stretching plate. Z.
Angew. Math. Phys. 1970;21:645-647.

2. Gupta PS, Gupta AS. Heat and mass
transfer on a stretching sheet with suction
or blowing. Can. J. Chem. Eng. 1977;55:
744-746.

3. Chen CK, Char MI. Heat transfer of a
continuous stretching surface with suction



10.

11.

12.

13.

14.

15.

or blowing. J. Math. Anal. Appl. 1988;135:
568-580.

Dutta BK, Roy P, Gupta AS. Temperature
field in the flow over a stretching sheet with
uniform heat flux. Int. Commun. Heat Mass
Transfer. 1985;12:89.

Mahapatra TR, Gupta AS. Heat transfer in
stagnation-point flow towards a stretching
sheet. Heat Mass Transfer. 2002;38:517—
521.

Nazar R, Amin N, Filip D, Pop I
Stagnation point flow of a micropolar fluid
towards a stretching sheet. Int J Non-
Linear Mech. 2004;39:1227-1235.

Ishak A, Nazar R, Pop I. Mixed convection
boundary layers in the stagnation-point
flow toward a stretching vertical sheet.
Meccanica. 2006;41:509-518.

Gupta PS, Gupta AS. Heat and mass
transfer on a stretching sheet with suction
or blowing. Canadian Journal of Chemical
Engineering. 1977;55:744-746.

Vajravelu K. Viscous flow over a
nonlinearly stretching sheet. Applied
Mathematics and Computation. 2001;
124(3):281-288.

Cortell R. Viscous flow and heat transfer
over a nonlinearly stretching sheet.
Applied Mathematics and Computation.
2007;184(2):864-873.

Raptis A, Perdikis C. Viscous flow over a
non-linearly stretching sheet in the
presence of a chemical reaction and

magnetic field. International Journal of
Non-Linear Mechanics. 2006;41(4):527—
529.

Mabood F, Khan WA, Ismail AIM. MHD
boundary layer flow and heat transfer of
nano fluids over a nonlinear stretching
sheet: A numerical study. 2015;374:569—
576.

Prasad KV, Vajravelu K, Dattri PS. Mixed
convection heat transfer over a non-linear
stretching surface with variable fluid
properties. Int. J. Non-linear Mech.
2010;45:320-330.

Rana P, Bhargava R. Flow and heat
transfer of a nanofluid over a nonlinearly
stretching sheet: A numerical study.
Commun. Nonlinear Sci. Numer. Simul.
2012;17:212-226.

Abdoul R Ghotbi. Homotopy analysis
method for solving the MHD flow over a
non-linear stretching sheet. Commun
Nonlinear Sci Numer Simulat. 2009;14:
2653-2663.

Monica et al.; ACSJ, 13(4): 1-8, 2016; Article no.ACSJ.25144

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

Abbas Z, Hayat T. Stagnation slip flow and
heat transfer over a nonlinear stretching
sheet; 2009.

Afzal N. Momentum and thermal boundary
layers over a two-dimensional or
axisymmetric non-linear stretching surface
in a stationary fluid. International Journal of
Heat and Mass Transfer. 2010;53:540—
547.

Hiemenz K. Die Grenzschicht an einem in
den gleichformingen Flussigkeits-strom
einge-tauchten  graden  Kreiszylinder,
Dinglers Polytech. J. 1911;326:321-324.
Chiam TC. Stagnation-point flow towards a
stretching plate. J. Phys. Soc. Jpn.
1994,;63:2443-2444.

Mahapatra TR, Gupta AS. Magneto-
hydrodynamic stagnation-point flow
towards a stretching sheet. Acta
Mechanica. 2001;152:191-196.

Williamson RV. The flow of pseudoplastic
materials.  Industrial &  Engineering
Chemistry Research. 1929;21(11):1108.
Nadeem S, Akbar NS. Meccanica. 2012;
47(1):141-151.

Vajravelu K, Sreenadh S, Rajanikanth K,
Lee C. Nonlinear analysis: Real world
applications. 2012;13(6):2804-2822.

Dapra, Scarpi G. Perturbation solution for
pulsatie flow of a non-Newtonian
Williamson fluid in a rock fracture.
International Journal of Rock Mechanics
and Mining Sciences. 2007;44:271.
Cramer SD, Marchello JM. Numerical
evaluation of models describing non-
Newtonian behavior. American Institute of
Chemical Engineers Journal. 1968;14:980.
Hayat T, Khalid U, Qasim M. Steady flow
of a Williamson fluid past a porous plate.
Asia-Pacific Journal of Chemical
Engineering. 2012;7(2):302-306.

Akbar NS, Nadeem S, Lee C. Asian
Journal of Chemistry. 2012;24:2433-2441.
Akbar NS, Hayat T, Nadeem S, Obaidat S.
Peristaltic flow of a Williamson fluid in an
inclined asymmetric channel with partial
slip and heat transfer. International Journal
of Heat and Mass Transfer. 2012;55:1855-
1862.

Akbar NS, Nadeem S. Analytical and
numerical solutions of peristaltic flow of
williamson fluid model in an endoscope.
Journal of Mechanics in Medicine and
Biology. 2011;11(1):941-957.

Vasudev C, Rao UR, Reddy MVS, Rao
GP. Peristaltic pumping of Williamson fluid
through a porous medium in a horizontal



31.

32.

33.

34.

35.

American
Industrial

channel with heat transfer.
Journal of Scientific and
Research. 2010;1(3):656.
Krishnamurthy MR, Prasannakumara BC,
Gireesha BJ, Rama Subba Reddy Gorla.
Effect of chemical reaction on MHD
boundary layer flow and melting heat
transfer of Williamson nanofluid in porous
medium.  Engineering  Science and
Technology, an International Journal.
2016;19:53-61.

RSR Gorla, Gireesha BJ. Dual solutions
for stagnation-point flow and convective
heat transfer of a Williamson nanofluid
past a stretching/shrinking sheet. Heat and
Mass Transfer; 2015.

Shehzad SA, Abdullah Z, Ahmed Alsaedhi,
Abbasi FM, Hayat T. Thermally radiative
three-dimensional flow of Jeffrey nanofluid
with internal heat generation and magnetic
field. Journal of Magnetism and Magnetic
Materials. 2016;397:108-114.

Rafael Cortell. Suction, viscous dissipation
and thermal radiation effects on the flow
and heat transfer of a power-law fluid past

an infinite porous plate. Chemical
Engineering Research and Design.
2011;89:85-93.

Hayat Tasawar, Muhammad Taseer,

Shehzad, Sabir Ali, Alsaedi, Ahmed, Al-
Solam Falleh. Radiative three dimensional

Monica et al.; ACSJ, 13(4): 1-8, 2016; Article no.ACSJ.25144

36.

37.

38.

39.

40.

41.

flow with chemical reaction. International
Journal of Chemical Reactor Engineering.
2016;14:79-91.

Shehzad SA, Abdullah Z, Ahmed Alsaedhi
FM Abbasi, Hayat T. Magnetic field effect
in three-dimensional flow of an Oldroyd-B
nanofluid over a radiative surface. Journal
of Magnetism and Magnetic Materials.
2016;399:97-108.

Rafael Cortell Bataller. Effects of heat
source/sink, radiation and work done by
deformation on flow and heat transfer
of a viscoelastic fluid over a stretching
sheet. Computers & Mathematics with
Applications. 2007;53:305-316.

Ramesh GK, Gireesha BJ Gorla, Rama
Subba Reddy. Study on Sakiadis and
Blasius flows of Williamson fluid with
convective boundary condition. Nonlinear
Engineering. 2015;4(4):id.20,7.

Nadeem S, Hussian ST. Heat transfer
analysis of Wiliamson fluid over
exponentially stretching surface. Appl.
Math. Mech. -Engl. Ed. 2014;35(4):489—
502.

Nadeem S, Hussain ST. Flow and heat
transfer analysis of Williamson nanofluid.
Appl Nanosci; 2013.

Gorla RSR, Sidawi I. Free convection on a
vertical stretching surface with suction and
blowing, Appl Sci Res. 1994;52:247-257.

© 2016 Monica et al.; This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

Peer-review history:
The peer review history for this paper can be accessed here:
http://sciencedomain.org/review-history/13941




