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Abstract

This paper presented The (P-A-L) Modified Weibull Distribution. We can compute several
properties of this distribution. The maximum likelihood estimators are obtained. Using
simulation study, mean, relative bias, root and scaled mean square error for maximum likelihood

estimators are obtained. And also, Confidence intervals for unknown two parameters are
calculated.
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1 Introduction

Many companies and organizations have too much data and the amount of data available is growing.
One of the ways to turn these data into useful information is to have a statistical model for the
way the data are generated. On the other hand the industrial processes as well as the way the
components of a business interact are getting more and more complicated. For these reasons, no
matter how many distributional models become available there arise the needs for new models.

Several methods have been suggested in the statistical literature to construct new statistical distribu-
tions from existing ones. Among these methods there is the formula suggested by Marshal and Olkin
[1] that became known by their name. There is also the rank transmutation map due to Shaw and
Buckley [2]. Of interest to us here is the (P-A-L) extension suggested by Pappas et al. [3]. Lee et
al. [4] present a good review of some of the most families methods of generating new families of
distributions from existing ones.

In this article, the method known as the (P-A-L) is utilized to create a new family of distributions
from the Modified Weibull distribution of Sarahan and Zaindin [5]. This distribution called The
(P-A-L) Modified Weibull Distribution with four parameters «, 8,~, p where it denotes as PMWD
(o, B,7,p). We introduce PMWD («, 3,7, p) in section 2 and present properties this distribution in
section 3. We estimate four parameters for PMWD by the maximum likelihood estimation. Finally,
we analyze real data for PMWD.

2 The (P-A-L) Modified Weibull Distribution
The survival function of the (P-A-L) family is

S(l‘) _ ln{l — (1ln_pp) So(&?)}

Where sg is the survival function of the base distribution and it should be noted that if p — 1, then
s — so0. The probability density function and hazard function take the form

_ (p—=1) fo(z)
fe) = {1-(1—=p)so(z)}Inp (2.2)

_ (p— 1) so(@)ho(x)
1= (- p)so@}n{l - (1 - p)so(@)}

h(z)

(2.3)

Where fo and ho are the probability density function and hazard function of the base distribution.
There are several distributions used by the (P-A-L) family, such as the (P-A-L) extended modified
Weibull studied by Pappas et al. [3], the (P-A-L) extended Weibull distribution introduced by Al-
Zahrani et al. [6] and The (P-A-L) Generalized Exponential Distribution presented by Mahmoud
and Mandouh [7].

—az—ﬁzw]

Now, we put sop = [e is a survival function for the Modified Weibull distribution presented

by Sarahan and Zaindin [5].

By substituting so in (2.1), we get

_ _ —ax—pBz”Y
S(z) = In(1 — (1 lnf[)))e ) ;2>0,v>0,a,8>0, pe Ry —{0} (2.4)
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Hence
_ (p—D(a+ Bya? e o
@) = == pe ) (25)
Then the hazard function takes the form
_ —azxz—pzY y—1
h(z) = (p—1)e oo+ Bya? 7] (2.6)

[1—(1—p)le—2>=B27]In(1 — (1 — p)e—oz—B7)

We note that h(x) can be constant, increasing or decreasing depending on the parameter values.
For example, if p — 1, f=1 and =1 then h(x)=a+1 is constant, whereas if p — 1 and =1, then
h(z) = a4+ ~vz7 ™!, which is increasing for v > 1 and decreasing for v < 1.

Figs. 1 and 2 show different shapes for the probability density function and the hazard function of
The (P-A-L) Modified Weibull Distribution for different values of the parameters «, 3,v and p.

— r=0.25 8=0.5,,=05,p=15
—_— =125, 521, =1, p=1.1
—_— =125, 5=1,,=1.5,p=5
=12 8=05 =7 p=089

as

ao

ao 0z 04 08 as 10 12 14

Fig. 1. Probability density function of the PAL Modified Weibull distribution for
different values of the parameters

= =025 R=0.5,p=05,p=15
— =125 F=1y=1p=11
— =123 F=1y=15p=5
— =12 0=05y=7p=08

Fig. 2. Hazard function of the PAL Modified Weibull distribution for different values
of the parameters
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To find the raw moments, we have

BE(X") = /OOo " f(@)de

from equation(2.5), we get

N [T e = D(at e e
E(X)‘/o = pear ) — (1 —p)" @7)

To calculate the r*" raw moments of The (P-A-L) Modified Weibull Distribution, we can use
Numerical integration steps. We can use the Binomial expansion to get the following expression:

o= (D" (= DY S (1) (4 1)1
Bx ):nz:a; (log)(l(]i (11p)) i_o( i!) (Sl J_Ll))fm (2.8)
T(iy+r+1 B ,
{ (T(L 1 1)04”“) (n+ I)WZWWHFW iyt k)

Let « =1.1,8 =2,y =3,p =2 and r = 1, one can easily check that equation (2.8) and numerical
integration of (2.7) take the same value, i.e. E(X") = 0.53.

3 Random Number Generation and Estimation of the
Parameters

Using the inversion method, one can generate random from The (P-A-L) Modified Weibull Distribution
with the following formula

u=F(z) (3.1)

By substituting F(x) in (3.1), we get

| log(L— (1 —pje =)

log(p) (3.2)

u =

Where u € (0,1). We take log

(1 —(1~= (1—u)
Bz” + ax + log1 a _(E;_ 1p))) =0 (3.3)

The equation (3.3) has no closed form solution in x4 so, we have to use numerical technique.

Now, we will study parameter estimation by using maximum likelihood.

3.1 Maximum likelihood estimation

Let x1, 2,3, ..., T, is a random sample follows The (P-A-L) Modified Weibull Distribution. The
likelihood function is given by
n (p—1)(a+ Bya? e > P

L(x; o, B,7,p) = iy (1= (1 = p)e-o2"5")log(p) (3.4)
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The log likelihood is

InL =nlin(p—1)] + Zln(a + Byx] ™ + Z(—axi — Bz))

=1 i=1

n[in(ln(p Zln (1— (1 —p)eo@i—fedy (3.5)
Differentiating (3.5) with respect to «, 8,y and p, we have
OlnL ~ ” zie—oFi—he]
xi + 3.6
oo ; o+ 5'}’1' Z Zl 1— (1 _p)efa:cifﬁa:? ( )
OlnL - - z) e owi—hr]
=9 z! +(p - — (3.7)
op ;aJrﬁ'yx Z ;17(1710)6 az;—pa]
8lnL “x) Ly ~y(y 1):10772 ~ -1y z) " Lemowi—Bel
y — By Y —1)8y % 3.8
; o+ ,Bva:" 1 ; Z (p 7az7;7ﬁzz ( )
OlnL  n " e~ owi=pa]

(3.9)

oD T () 21 (g

Equating the derivatives in (3.6), (3.7), (3.8) and (3.9) to zero, then we solve the four nonlinear
equations by numerically, we get the maximum likelihood estimators &, 3,4 and p.

Hence

The second derivatives of the log likelihood function are given by

82 InL =—I11 = _Z'(L_l(_ 6_204:67;—253?,7 (p _ 1)23:? e—a:ci—ﬂx;’ (p _ 1)$3 )
a2 i= 1+ e—oxi—Bx] (p—1))2 1+ e—awi—Bz] (p—1)
1
-
' (o + Bya)™1)?
*InL Iy — 3" Pl s o 20w;—2px] (p— 1)%2>
“9p2 — = ==l Tivas =1l
8ﬂ2 % (a + ’B’in 1+“/)2 % (1 + efazifﬂz: (p _ 1))2

e (p —
14 e omi=bel(p—1)

)

L ) (B, 7 + Byloglailz; ' T)?
= —I33 = Y-, — Blog[z;]"x] + Zi [~
92 33 1 — Blog[z] 1 (a+ Bra; 1+~,)
| 2Bloglzi]z; J T+ Byloglw)ta; Y e i8] B(p — 1) loglz)*a]

] = Yial-

OL+5’Y£E 1+~ 1+efazlfﬁ:c7(p_ 1)
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e 22 G (p — 1) loglaal*al” e TP 52 (p — 1) loglai)*x f”]
(14 el (p— 1)) 14 eowi=hal(p—1)

9%?InL . n n n

(= (1—p)Zlogll — (1 —p)]2 * (1= (1 —p))2Log[i — (1—p)]

_6720417; 72Bz;.y

Tre s o)

2 —147 —2ax; —28x) 2, 14~ i—Bz]
0%InL —yx; e fTiTET (p — 1), XTI

1)3:}4’7
= _J1o =327 i
0adp 12 st

Ty =i p—— 2 -
(a+ By ) (I4e ™ ™i(p—1))  1+e i Pi(p—1)

)

Pink _ _y BT Bylogladol™T o en i p(p — 1) loglaiai
dady } (a+ Bra; T2 T Qe o)y

e~ B(p — 1) logfeJa}
14 e omi=hel(p—1)

]

82l7’LL n 672azi72ﬁz3 (p - 1)mz ef‘”l BII xT;
= —hu=wi e e e )
8a<9p (1 + e—oxi—pz; (p _ 1))2 1+ e—aml—ﬂxi (p _ 1)
’ —eowi =B (p — 1) log[zi]a]
OInL _ —Ia3 = X7 — loglzs|a) — Xie,[— © (p ﬂ/) oglzila;
aﬁa’y 1 + efamifﬁa:i (p _ 1)
=202 Bp — 1) logfaa’ | e Bp — Dloglefal’ o w
(14 e o= (p — 1)) 1+ eowi=he (p— 1) Tt pya; T

yloglzle; ' qx T (BaT Y + Byloglwla )

]

o+ fye (a+ By, )2
&InL I " ( 6_20‘951'_2550 ( _ 1) ;Y e—axi—ﬂxz 33:{ )
= Iy = -] _
658 2 1 (1 +e*azi7'3zz (p 1))2 1 +efazifﬁz;-y(p7 1)
0%inL n 6_2%1_2&025(1’ — 1) log[z:]z] e_a”_ﬁx?ﬁ log[z;]z]
= —Isa = =X ( ¥ L — ¥ )
0v0p (1 + e—omi—Bz] (p _ 1))2 1 + e—oi—Bz] (p - 1)

Then the observed information matrix is given by

Iin e LIz I
Io1 Iz Iaz  Iog
Is1 I3z I33 I3
Is1 Iyp Iuz Iy
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So that the variance-covariance matrix may be approximated as

-1

Vii® Vi Viz Vi Inn L Lz Lia
V= Vor Voo Vog Vo | _ 121 T2z T2z Ina
Va1 Va2 Vaz Vay I31 I3z I3z I3
Vi Vie Viz Vg Iyn Iyp Iy Iug

It is known that the asymptotic distribution of the MLE (&, B,’y,ﬁ) is given by

o Vii. Viz Viz Vig
154 Va1 Vaa Vag Vo

3.10
| Var Va2 Vaz Vay (3.10)
p

Vii Vie Viz Vi

)
2
=

Since V involves the parameters «, 3,7, p, we replace the parameters by the corresponding MLE " s
in order to obtain an estimate of V, which is denoted by

Iin L Lz I -t
N Ioy T2 Ioz3 2
- 3.11
I31 I3z I3z I3 ( )

Tsn Iyp Iuz Iy

Where I;‘j when (d,B,’y,ﬁ) replaces (o, 8,7, p).
By using (3.10), approximate 100(1—6)% confidence intervals for a, 3, v, p are determined, respectively,

as
G zop\Vir, BEzopa\ Va2, A Ezo2\Vas, D290\ Via (3.12)

Where zg is the upper 6-th percentile of the standard normal distribution.

4 Simulation Study

We used a simulation study to check the performance of the accuracy of point and interval estimates
for Several cases, of which estimates two parameters, estimates three parameters and finally,
estimates four parameters of PMW D(«, 3, v, p) for m=1000, the sample size n are 50, 100, 150, 200,
250, 300 and different parameter values. The following steps were followed to obtain the results:

1. Specify initial values for parameters «, 8,y and p.

2. Specify the sample size n.

3. Generate m times of random sample with size n from PMW D(«, 8,7, p).

4. Obtain the maximum likelihood estimates for «, 3,~, p for different sample sizes.

5. Obtain the mean, bias and relative bias, mean squared error (MSE), root mean squared error
and scaled root mean square error for each estimator for different sample size.

6. Repeat 1:5 for several values of «, 3,7 and p.

By the software Mathematica 10 we tried to do simulation and estimate the parameters (v, p) with
respect to (a, 3) are known, The result is shown in Table 1 and we estimate the parameters (3, p)
with respect to (e, y) are known as shown in Table 2. Similarly, we estimate the parameters (3, , p)
with respect to o are known as shown in Table 3. Finally, we estimate the parameters («, 3,7, p)
as shown in Table 4.

Based on the values we obtained from Simulation study, the results are shown in Tables 1, 2, 3 and
4.
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Table 1. MLE’s and confidence intervals of two parameter (y and p) in the case of
the (P-A-L) modified Weibull distribution

\ 1. o = 1.25,80 = 2.5,7 = 1.5, pp = 1.98 |
Mean Relative bias variance RMSE Scaled RMSE LL UL

n=>50 T 4 1.64 -0.09 0.25 0.52 0.35 1.03 2.25
» 2.41 -0.22 3.52 1.92 0.97 -0.83 5.64
n—75 v 1.60 -0.7 0.22 0.48 0.32 0.88 2.70
D 2.38 -0.20 2.52 1.64 0.83 -2.47 7.24
n=100 £y 1.59 -0.06 0.18 0.44 0.27 1.08 0.39
D 2.30 -0.16 1.96 1.44 0.62 2.10 4.20
n=150 -y 1.57 -0.05 0.12 0.35 0.23 1.18 1.96
r 2.19 -0.11 1.26 1.14 0.52 0.81 3.8
2. cvg = 1.25, Bo — 2.5, 70 — 0.5, po — 0.9
Mean Relative bias variance RMSE Scaled RMSE LL UL
n—>50 g 0.54 -0.04 0.007 0.09 0.18 0.06 1.02
P 0.98 -0.08 0.490 0.71 0.72 -3.47 5.45
n=r5 ¥ 0.53 -0.06 0.005 0.08 0.15 0.41 0.65
P 0.97 -0.08 0.350 0.60 0.62 -0.56 2.52
=100 -~y 0.52 -0.05 0.003 0.06 0.12 0.16 0.59
P 0.94 -0.04 0.180 0.43 0.46 -0.05 1.92
n=150 s 0.51 -0.03 0.002 0.056 0.09 0.29 0.75
P 0.93 -0.04 0.130 0.36 0.39 -1.36 3.24
\ 3. «wo = 1.25,80 =2.5,7%0 =7,P0 = 5 |
Mean Relative bias variance RMSE Scaled RMSE LT UL
n=5s0 oy, 7.18 -0.03 02.87 1.71 0.23 4.24 10.13
P 5.85 -0.17 10.25 3.31 0.56 0.41 11.31
n=7T75 =y 7.34 -0.04 02.45 1.60 0.22 4.76 09.93
P 5.47 -0.09 06.85 2.66 0.48 0.89 10.05
n=100 oy 7.19 -0.02 01.69 1.32 0.18 2.63 11.76
P 5.46 -0.09 05.87 2.16 0.145 -6.57 17.49
n=150 -y 7.09 -0.01 01.04 1.02 0.14 4.76 09.42
P 5.26 -0.05 03.46 1.88 0.36 1.68 08.86

Table 2. MLE’s and confidence intervals of two parameter (8 and p) in the case of
the (P-A-L) modified Weibull distribution

[ 1. g — 1.25,80 — 2.5,7% — 1.5,p0 — 1.98 |
Mean Relative bias  variance RMSIE Scaled RMSIE L UL
n=50 B 2.93 -0.17 00.89 1.04 0.42 0.92 4.95
8} 2.49 -0.26 15.35 3.95 1.99 -3.88 8&.88
n=75 Y& 2.79 -0.12 00.19 0.76 0.30 0.92 1.66
P 1.93 0.02 02.41 1.55 0.78 -2.25 6.12
n—100 B 2.74 -0.09 00.35 0.64 0.14 1.59 3.88
P 1.78 0.09 01.43 1.:21 0.61 0.14 3.45
n—150 s 2.67 -0.07 00.24 0.52 0.21 R 474 417
P 1.59 0.19 00.47 0.78 0.39 -0.75 3.94
2. ap = 1.25,80 = 0.5,v% = 1.5,p0 = 2 |
Mean Relative bias variance RMSE Scaled RMSE LL UL
n—>50 B 0.69 -0.39 00.08 0.35 0.72 -00.67 02.07
P 3.43 -0.72 22.32 4.93 2.46 -11.83 18.83
n—75 B 0.65 -0.30 00.06 0.28 0.57 -00.23 01.53
P 2.92 -0.46 09.53 3.22 1.61 -03.71  09.55
1=100 1=4 0.61 -0.21 00.03 0.21 0.41 00.15 01.05
P 2.49 -0.24 01.95 1.47 0.74 -00.01 04.98
n=150 3 0.58 -0.16 00.02 0.17 0.35 00.23 00.94
P 2.31 -0.17 00.88 0.99 0.19 00.51 01.13
[ 3. ap = 1.25,80 = 1.5,v9 = 1.5, p0 = 0.5
Mean Relative bias variance RMSE Scaled RMSE LL UL
n=50 5 1.69 -0.13 0.46 0.71 0.47 0.11 3.27
P 0.84 -0.68 1.05 1.07 2.16 -0.74 2.43
n=75 Ve] 1.64 -0.09 0.25 0.52 0.35 0.68 2.59
P 0.72 -0.11 0.21 0.51 1.02 0.08 1.35
n=100 B 1.5¢ -0.06 0.17 0.42 0.28 0.07 3.11
P 0.65 -0.29 0.09 0.33 0.67 -0.67 1.97
n=150 ) 1.55 -0.01 0.11 0.33 0.22 0.75 2.36
P 0.61 -0.21 0.04 0.22 0.43 0.05 1.16
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Table 3. MLE’s and mean square error of three parameters (3, v and p) in the case

of the (P-A-L) modified Weibull distribution

= 1.25, Bo = 2.5, 70 = 0.5, po = 0.9
Reolative bias variancco RMSE Scalecd RMSE
n=>50 -0.095 0.563 0.791 0.316
-0.002 0.005 0.071 0.143
-0.428 0.734 0.966 1.073
n=—100 -0.068 0.312 0.584 0.234
0.007 0.003 0.051 O0.107
j= -0.351 0.457 0.746 0.829
n—150 =] -0.051 0.167 0.427 O0.171
¥ 0.006 0.002 0.048 0.097
» -0.268 0.320 0.615 0.684
n—2200 =3 -0.051 0.167 0.127 O.171
¥ 0499 0.002 0.002 0.013 0.087
V2 1.120 -0.215 0.306 0.596 0.662
n=—22250 y=3 2.587 -0.035 0.149 0.395 0.158
3 0.498 0.004 0.001 0.038 0.076
Ve 1.088 -0.209 0.268 0.551 0.612
n—300 =] 2.573 -0.031 0.133 0.373 O0.149
4 0.498 0.004 0.001 0.035 0.071
V2l 1.076 -0.196 0.245 0.525 0.5841
2. vo = 0.2, Bo = 2.2, Yo = 2.8, po = 0.8
NMean Relative bias varianc RMSF Scaled RMSKE
n—=—=50 3 2.529 —0.149 0.305 0.292
-y 2.719 0.029 0.211 0. 167
r 1.46 1L -0.0826 1.042 - o 20
n— 100 s 2.428 -0.104 0.149 0.449 0.204
¥ 2.720 0.028 0O.151 O.397 0.142
1= 1.294 -0.618 0.707 0.975 1.219
n=150 =] 2.3838 -0.085 0.104 0.374 0.169
4 2. T22 0.028 0.109 0.339 0.121
r 1.230 -0.538 0.581 0.875 1.094
n—200 = 2.359 -0.072 0.086 0.333 0.151
4 2.701 0.035 0.082 0.303 0.108
V2 1.176 -0.470 0.362 0.709 0.887
n—=—2250 =3 2.342 -0.065 0.076 0.311 O.141
3 2.739 0.022 0.0381 0.292 0.104
V= i 25 -0.106 0.399 O. 711 0.888
n—300 3 -0.065 0.065 0.133
¥ 0.029 0.071 0.099
] -0.409 0.320 0.817
o = 1.2, [Fo = =
Rolative bias - Scalod RMSE
n—50 y=d -0.176 000 .428 00.744 0.372
<y -0.026 003.262 01.811 0.362
1= -0979 141.060 13.475 2.073
n=—100 ya3 -0.118 000.267 00.569 0.284
& 0.033 001.111 01.189 0.2383
=] -0.616 071.133 09.352 1.139
n=150 = -0.079 000.195 00.169 0.235
¥ 0.009 000.903 00.952 0.190
Vel 652 -0.485 053.834 O0O7.985 1.229
n=2200 L3 -1an -0.070 000.167 0.216
¥ .O87 0.003 000.691 0.166
V2 101 -0.400 049.919 1.158
n—250 8 0os4 -0.042 000.126 0.182
o' o )43 -0.008 000.608 00.781 0.156
» 212 -0.263 029.810 05.722 0.880
n=300 P 065 -0.033 000.092 00.309 0.155
£ 023 -0.005 000 . 427 00.653 0.131
» 803 -0.201 018.731 01.525 0.696
4. evg — 1.5, 8o — 3.5, vo — 5, po — 7
M ezzaxn Relative bias ~Variarnce RMSE Scalead RMSE
n—>50 3 04.067 -0.162 01.528 1.360 0.388
<y 04.972 0.005 02.854 1.689 0.338
0 12.800 -0.828 O3 .54 11.278 1.611
n=—100 = 03.848 -0.099 00.451 0.216
oy 04.8783 0.024 O1 .2122 0.222
=) 11.407 -0.629 53.752 1L.222
n=—150 V=3 03.714 -0.061 00.298 0.167
=y 04.951 0.009 00.872 0.187
=] 09.507 -0.358 27.697 0.833
n—22200 s 03 -0.055 (e]e) 2 0.148
oy o4. 0.021 00.725 0.172
Vel 09 -0.389 290 < 2 0.865
n=—250 y=3 03 -0.043 00.166 0.125
=¥ 0. 0.012 00.567 0.151
yed 08.¢C -0.278 17.054 0.652
n=300 Pe7 03.625 -0.036 00.142 0.113
o 04.956 0.008 00.484 0.139
Vel 0O8. 723 -0.246 15.366 4282 0.612
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Table 4. MLE’s and mean square error of four parameters («, 3, v and p) in the case
of the (P-A-L) modified Weibull distribution

1. cvo = 1.25, Bo = 2.5, vo = 0.5, po = 0.9
Mean Relative bias variance RMSE Scaled RMSE
n—50 v 1.745 -0.396 0001 .321 1.252 1.001
s 2.382 0.047 0001.271 1.133 0.453
=Y 0.488 0.024 0000.009 0.099 0.198
D 2.654 -1.949 1234.48 35.178 39.087
n—100 v 1.515 -0.236 0000.750 0.915 0.732
B 2.415 0.033 0000.9041 0.9541 0.381
4 0.185 0.029 0000.0041 0.068 0.136
j=) 1.217 -0.352 0000.786 0.941 1.046
n=—150 (=% 1.436 -0.149 0000.712 0.864 0.691
3 2.439 0.024 0000.959 0.981 0.392
= 0.491 0.016 0000.003 0.057 0.115
» 1.179 -0.310 0000.848 0.962 1.069
n—2200 ¥ 1.304 -0.043 0004.706 2.170 1.736
ya) 2.589 -0.035 0005.201 2.282 0.912
94 0.490 0.019 0000.004 0.065 0.131
Vel 1.184 -0.315 0000.903 0.992 1.102
n=250 [=% 1.343 -0.075 0000.1489 0.706 0.561
3 2.478 0.008 0000.747 0.865 0.346
Y 0.190 0.019 0000.001 0.015 0.090
» 1.114 -0.237 0000.51 1 0.746 0.829
n=300 (=% 1.317 -0.053 0000.480 0.696 0.556
3 2.495 -0.001 0000.731 0.855 0.342
¥ 0.494 0.010 0000.002 0.04:3 0.086
F el 1.089 -0.210 0000.462 0.706 0.784
2. g — 0.2, o — 2.2, Y0 — 2.8, pg — 0.8
Mean Relative bias variance RMSIS Scaled IRMSI
n—=5s0 ¥ 0.389 -0.948 0.251 0.536 2.679
ye 2.304 -0.047 0.352 0.602 0.274
=y 2.958 -0.056 O.417 0.665 0.237
Yol 1.408 -0.760 7T.616 2.679 3.533
n—100 v 0.263 -0.316 0.053 0.238 1.193
s 2.281 -0.038 0.139 0.382 0.171
9% 2.903 -0.037 0.285 0.543 0.194
2 0.958 -0.197 0.359 0.533 0.666
Nearn Relative bias vAariance RMSE Scaled IIMSE
n=150 x 0.232 -0.163 0.018 0.139 0.695
V=3 2.257 0.026 0.073 0.276 0.125
¥ 2.831 -0.011 0.091 0.308 0.110
Ve 0.940 -0.175 0.152 O0.414 0.517
n=—2200 (=Y 0.219 -0.098 0.013 0.116 0.581
V=3 2.255 -0.025 0.054 0.0239 0.108
e o 2.808 -0.002 0.073 0.271 0.096
» 0.930 -0.163 0.120 0.370 0.163
n=—2250 < 0.215 -0.079 0.010 0.101 0.507
s 2.274 -0.033 0.051 0.237 0.103
o 2.789 0.003 0.055 0.236 0.084
yed 0.951 -0.189 0.143 0.407 0.509
3. vo — 1.2, B0 — 2, vyo — 5.p0 — 6.5
Mcan Rclative bias variancc RMSE Scaled RMSE
n=—50 [ 1L.286 -0.072 00.313 0.566 0.472
y=3 2.078 -0.039 0.324 0.574 0.287
e 5.710 -0.142 o4.127 2.152 0.430
=3 8.412 -0.294 30.485 5.843 0.893
n—100 [=3 1.222 -0.018 00.131 0.362 0.302
V=3 2.058 -0.028 00.152 0.394 0.197
¥ 5.263 -0.053 01.237 1.143 0.228
y=d T.522 -0.157 16.419 4. 179 0.643
n—150 cx 1.195 0.004 00.076 0.275 0.229
V=3 2.049 -0.025 00.107 0.330 0.165
oy 5.150 -0.030 00.706 0.854 O.171
yFed 7T.17T8 -0.104 12.110 3.546 0.545
n—200 (4% 1.190 00.008 0.052 0.229 0.191
V&3 2.022 -0.011 00.076 0.277 0.139
¥ 5.125 -0.025 0.484 0.706 O.141
= 6.943 -0.068 06.926 2.668 O.411
n=—22250 (=Y 1.212 -0.010 00.013 0.209 0.123
V=3 2.023 -0.011 00.06 0.246 0.123
>a 5.094 -0.018 00422 0.657 0. 131
=l 7.040 -0.083 06.256 2.559 0.393
n=—300 (=Y 1.203 -0.002 00.031 0.136 0.155
s 2.01L7 -0.008 00.018 0.221 O.110
&4 5.104 -0.020 00.313 0.569 0.113
r=d G.759 -0.039 04.554 2.149 0.330
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4. cxo — 1.5, 80 — 3.5, vo — 5, w0 — 7
NMeaan Relative bias variance RMSE Scaled RMSE
n=—50 v 1.643 -0.095 00.402 0.649 0.433
s 3.837 -0.096 01.165 1.131 0.323
&3 5.747T -0.149 03.624 2.045 0.409
7= D.398 -0.343 29.794 5.962 0.852
n— 100 cx 1.850 -0.053 00.204 0.459 0.306
)=1 3.689 -0.051 00.120 0.193
¥ 5.277 -0.055 01.177 0.224
7> S.740 -0.248 18.1488 0.662
n=—150 ¥ 1.561 -0.041 00.126 0.360 0.240
y=3 3.656 -0.044 00.263 0.153
-5 -0.027 00.263 0.153
Vel -0.200 10.928 0.51:3
n=200 <y -0.043 04. 706 1.736
V=3 -0.035 05.201 0.912
' 0.019 Q0.004 0.065 0.131
y=d -0.315 00.903 0.9922 1.102
n—=2250 < -0.075 00.049 0.706 0.564
V=3 0.008 00. 747 0.865 0.346
~ 0.019 00.001 0.045 0.090
red -0.237 00511 0. 746 0.829
n=—300 v -0.053 Q0480 0.696 0.556
y=3 -0.001 00.731 0.855 0.342
Y 0.010 00.00=2 0.043 0.086
y23 -0.210 00.462 0.706 0.734
5. cvo — 0.8, 80 — 1.5, vo — 4.5, po0 — 2.5
Nlearxy Relative bias variance RNMSE Scaled IRINMSE
n=50 ¥ 0.933 -0.166 o.212 0.479 0.598
s 1.519 -0.013 0.196 O.443 0.295
o d A4.989 -0.108 2.046 1.512 0.3335
Vel 3 -0. 412 5.242 1.004
n—100 v 0.853 -0.067 0.101 0.40:3
3 1.537 -0.025 0.082 0.290 0.194
L d 4. 676 -0.039 0.689 0.848 0.188
y=d 3.178 -0.271 3.193 L.9L2 0.765
n—150 v ).848 -0.016 0.0O74a 0.277 0.3346
V=3 1.516 -0.011 0.046 0.215 0.143
~¥ 4.621 -0.263 0.407 0.649 O.144
V=4 3.035 -0.214 2.122 1.552 0.621
NMcearn Rclative bias variancc RMSE Scaled RMSE
n=—200 [=1 0.853 -0.066 0.052 0.235 0.291
y=1 1.533 -0.023 0.038 0.199 0.133
&' 4.563 -0.014 0.284 0.536 0.119
Fal 3.062 -0.225 1L.776 1.116 0.578
n—2250 v -0.049 0.043 0.2122 0.265
y=1 -0.015 0.033 0.133 0.122
i -0.008 0.218 0.169 0.101
yel -0.179 1.396 1.264 ).506
n—300 v -0.044 0.039 0.2022 0.253
y=3 1.527 -0.018 0.025 0.162 0.108
¥ 1.539 -0.008 0.199 0.118 0.099
yzd 2.922 -0.168 1.265 1.201 0.480
6. «vo — 0.7, Bo 35, v0 — 4,po — 1.5
Mean Relative bias variance RMSIZ Scaled RMSIZ
n—50 ¥ 0.861 -0.230 0.276 0.549 0.7T85
)=1 3.853 -0.101 1.099 1.106 0.316
L 4 “4.391 -0.097 1. 759 1.382 0.346
yed 2.213 -0. 475 2.171 1.637 1.091
n—100 ¥ 0.765 -0.093 0.105 0.330 0.472
i3 3.649 -0.043 ).344 0.605 0.173
¥ 5 -0.034 O.411 0.655 0.164
yed 1.871 -0).247 1.881 1.009 O0.673
n—150 cx 0.762 -0.089 0.066 0.264 0.378
ye3 3.655 -0.044 0.219 0.494 0.141
oy 4.035 -0.008 0.247 0.498 0.125
= 1.884 -0.256 0.8389 1.018 0.678
n—2200 v 0.750 -0.072 0.051 0.232 0.331
y=3 3.605 -0.030 0.164 0.419 O.119
v 4.054 -0.013 0. 187 0.436 0.109
Fed 1.816 -0.211 0.617 0.847 0.565
n—250 v 0.743 -0.062 0.042 0.209 0.299
)=1 3.587 -0.025 O.111 0.389 O.11L1
N 4.039 -0.009 0.146 0.384 0.096
2 1.754 -0.169 0.429 0.703 0.469
n—300 v 0. 749 -0.071 0.037 0.200 0.286
)= 3.582 -0.024 0.121 = 0.102
¥ 3.992 0.002 0.120 0.317 0.087
yed 1.800 -0.201 0.458 0. 741 0O.494
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5 Application for Real Data

These following data from Murthy et al. [8].
Data Set: Failure Times of 50 Components:

0.036, 0.058, 0.061, 0.074, 0.078, 0.086, 0.102, 0.103, 0.114, 0.116, 0.148, 0.183, 0.192, 0.254, 0.262,
0.379, 0.381, 0.538, 0.570, 0.574, 0.590, 0.618, 0.645, 0.961, 1.228, 1.600, 2.006, 2.054, 2.804, 3.058,
3.076, 3.147, 3.625, 3.704, 3.931, 4.073, 4.393, 4.534, 4.893, 6.274, 6.816, 7.896, 7.904, 8.022, 9.337,
10.94, 11.02, 13.88, 14.73, 15.08

We estimate parameters for The (P-A-L) Modified Weibull Distribution by maximum likelihood
estimation are given by

&=0433, B=8751x10""2 4 =5.336, p=23.425

Now, we are studying goodness of fit statistics test by Chi-Square, where the following hypothesis is:

Hy: the data come from The (P-A-L) Modified Weibull Distribution.
H,: the data does not come from The (P-A-L) Modified Weibull Distribution.

The data were classified in 6 class intervals as shown in Table 5.

Table 5. For goodness of fit test

O, E)°

Class intervals O F; y

0- 24 6.5022 A7.088
1- 2 6.3215 2.9542
2- 3 6.0619 1.5466
3- (6] 5.7015 0.0156
1- 1 5H.2234 0.2865
5- 0 4.6263 4.6263
G- 2 3.9342 0.9509
7- 2 3.1979 0.4488
8- 1 2.4827 0.8855
9- 1 1.8466 0.3881
10- 1 1.3239 0.0793
11- 1 0.9218 0.0066
12- 0 0.6278 0.6278
13- 1 0.4209 0.7968
14- 1 0.2791 1.8623
15-16 1 0.1837 3.6285
Total 66.1919

The calculated statistic value of Chi-square test (66.1919) is less than the tabulated statistic value
(66.3386). Therefore the null hypothesis do not reject that the data came from The (P-A-L)
Modified Weibull Distribution. We use software Mathematica 10 to get the goodness of fit test.

6 Conclusions

In this paper new lifetime distribution is presented which called The (P-A-L) Modified Weibull
Distribution (PMWD). The hazard shape for The (P-A-L) Modified Weibull Distribution has
different types of shapes such as decreasing and increasing hazard function. For example, if p
— 1, B=1 and y=1 then h(x)=a+1 is constant, whereas if p — 1 and =1, then h(z) = a+~vy2? ™",
which is increasing for v > 1 and decreasing for v < 1. The maximum likelihood estimates of the
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parameters and their variance covariance matrix were derived using software Mathematica 10 for
numerically solving equations have no analytical solutions. By results of the simulation study, show
that the bias for any estimator is decreased when the sample size increases also the relative bias
is decreased when the sample size increases. Mean square error (MSE), root mean square error,
relative mean square error decrease when the sample size increases. By application on real data,
we found that the PMW D(a, 8,7, p) fits the data.
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