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Abstract

In this paper, we proved a few fuzzy fixed point theorems in whole regular cone metric spaces, which can be
the generalization of a few current consequences within side the literature.
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1 Introduction

Many researchers make the research under the fixed point theorems [1-3]. There exist some of generalizations of
metric spaces, and one in all them is the cone metric spaces [4]. The notation of cone metric space is initiated
via way of means of Huang and Zhang [5] and additionally they mentioned a few homes of the convergence of
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sequences and proved the fuzzy fixed point theorems of a contraction mappings cone metric spaces [6]. Many
authors have studied the life and forte of strict fuzzy constant factors for single valued mappings and multi
valued mappings in metric spaces [7-10]. In this paper speak life and precise fixed point factor in entire ordinary
cone metric spaces, which might be the generalization of a few current contraction principle.

Definition 1.1:
A subset S of E is called a cone if and only if :

1. Sisclosed, nonempty and S # 0
2. ax + by € S forall x,y € S and nonnegative real numbers a, b
3. Sns™={0}

Given a cone S c E, we define a partial ordering < with respectto S by x <y ifand only ify —x € P. We
will write x <y that x <y butx # y, while x,y will stand for y —x € int S, where int S denotes the
interior of S. The cone P is called normal if there is a number L > 0 such that 0 < x < y implies ||x|| < LIyl
for all x,y € E. The least positive number satisfying the above is called the normal constant. The cone L is
called regular if every increasing sequence which is bounded from above is convergent. That is, if {x,} is
sequence such that x3 <x,<--<x,..<y for some y€eE , then there is x € E such that
[lx, —x|| > 0asn - 0.

Equivalently the cone S is regular if and only if every decreasing sequence which is bounded from below is
convergent. It is well known that a regular cone is a normal cone. Suppose E is a Banach space, S is a cone in E
with int S # 0 and < is partial ordering with respect to S.

Example 1.1:

Let L > 1 be given. Consider the real vector space with
1
E = {ax +b:a,beR;x € [1 —;,1]}

With supremum norm and the cone S = {ax + b:a = 0,b = 0} in E. the cone S is ordinary and so normal.
Definition 1.2:

Suppose that E is real Banach space, then S is a cone in E with int S # @, and < is partial ordering with respect
to S. Let X be a nonempty set, a function d: X x X — E is called a fuzzy cone metric on X if it satisfies the
following conditions with

1. d(x,y)=0,andd(x,y) =0ifandonlyifx = yVx,y € X,
2. d(x,y)=dy,x),Vx,y€X,
3. d(x,y) <d(x,2z) +d(zy),Vxy€EX,

Then (X, d) is called a cone metric space (CzM).
Definition 1.3:

A fuzzy cone metric space is a 3-tuple (X, CpM,*) such that S is a cone of E, X is nonempty set, = is a
continuous t-norm and M is a fuzzy set on X X X X int(S) satisfying the following conditions, for all x,y,z €
X and ¢, s € int(P) (thatist > ©,5s » 0) .

CpM(x,y,t) > 0,

CrM(x,y,t) = 1ifandonly if x =y,
CpM(x,y,t) = CeM(y, x, t),

CpM(x,y,t) * CeM(y, z,5) < CeM(x,z,t + 5),
CpM(x,y,.):int(P) — [0,1] is continuous.
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If (X, CxM.,*) is a fuzzy cone metric space, we will say that M is a fuzzy cone metric on X.

Definition 1.4:

Let(X, CxM,*) be a fuzzy cone metric space, x € X and {x,,} be a sequence in X. Then {x,} is said to converge
to x if for any t > ® and any r € (0, 1) there exists a natural number ny such that — # (x; x;t) > 1 — r
foralln = ny. We denote this by

limn—— wx, = x0orx, — xasn - oo,

Let (X, CgM,*) be a fuzzy cone metric space, x € X and {x,} be a sequence in X. {x,} converges to x if and
only if ot (x,; x; t)—— las n—— oo, foreacht > ©.

Let (X, CxM,*) be a fuzzy cone metric space and {x,} be a sequence in X.
Then {x,} is said to be a Cauchy sequence if forany 0 < € < 1andanyt >» 0.

There exists a natural number n, such that <4 (x,; x,,; t) > 1 — ¢ forall n,m = n,.

2 Main Result
Theorem 2.1:

Let (X, CxM,*) be a complete fuzzy cone metric space and S be a normal cone with normal constant L. suppose
the mapping T: X X X X (0, ) — [0, o) satisfies the following conditions:

CpM(x, Ty, t)+CpM(y, Ty £)
CPMI(x, Ty, t)+CpM(y, Ty, t) +1

CrM(T,, Ty, t) < ( ) CrM(x,y, t) @

Forall x,y € X,wherel > 1&t € X.then

i T has fuzzy unique fixed point in X.
ii.  T™x converges to a fuzzy fixed point, for all x" € X.

Proof :

i Let x, € X be arbitrary and choose a sequence {x,,} such that x,,,; = Tx,,.

CFM(an,xn, t) = CpM(Tx,, Txp_1,t)
- ( CeM(xy, Ty, t) + CpM (%1, TXp—1, t)
T \CpM(x,, Txy,, t) + CpM (%1, Txp_1,t) +1
< ( CrM (%, %41, £) + CpM (1 %, )
T \CeM (%41, ) + CrM (%1, X, £) + 1

)CFM(xn,xn_l_t)

)CFM(xn,xn_l, t)

Take

1= CEM (op, X 41,t)+CrM(xp—1,xn,t)
T CEM(on, Xn41,t)HCEMA (1,20, 6) +1

We have
CrM(Xpy1, Xps t) < 4,CpM(xy, X1, t)

< (Apdn-1) CpM(xp_1, Xn 3, t)
< (Apdnoq - 44) CpMI(xy, X, £).
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Observe that (4,,)) is non increasing, with positive terms. S0,4; ...A, < 4, and 1," - 0.
It follows that
WAy Az ) = 0.
Thus, it is verified that
A CeM (X 4q, %0, t) = 0
Now for all m,n € N and m > n we have

CFMI(xm,x‘ru t) = CFM(xnr Xn+1» )+ CFIMI(xn+11 Xn+2, )+ CFM(xm—b Xmo t)
= [(lnln—l Al) + (An+1ln Al) +t (Am—l/lm—z Al)] CFM(xlixO; t)
= X3R5 i1 A1) CpM(xq, o, £)

”(CFM(xm! Xn, t) “ < L”Z‘;(n:_nl(/lklk—l /11) (CFM(xll Xo, t) ”
ICeM (X, X, )| < LY A As—q o A1) || CEMI(xq, X0, £) ]
ICEM (o, 20, Ol < LEFS e 1M (g, X, ),

Where a—(a,1,_,..1,) @nd L is normal constant of S.

lim . s
Now 1 <1 and Y5, aiis finite,

k- %k
and Y7 (A dy—q . A1) = 0,as m,n > oo.

Hence {a,} is convergent by D’ Alembert’s ratio test, therefore {x, } is a cauchy sequence. There is x' € X such
that x,, » x asn - o.

CrM(Tx',x',t) < CeM(Tx,Tx,,, t) + CpM(Tx,, x, t)
CFM(X’,TX’,t)-FCFM(Xn.TXn.t) 4 ~ !
(@FM(x',Tx',t)+<cFM(xn,Txn,t)+l) CrM(an, x,8) + CpM(Txn, x, 1)
< ( CpM(x,Tx't)+CpM(xp, T 41,t)
= \CrM(x"Txt)+CpM (e, Txn+1,t)+1
CrM(Tx',x,t) <0 asn - o

) CeM(xp, x,t) + CpM(Txp4q,%,t)

Therefore ||CM(Tx',x',t)|| = 0.

Thus, Tx = x'.

Uniqueness

Suppose x and y " are two fixed points of T.
CrM(x,y,t) = CeM(Tx, Ty, t)

CpM (T t)+CpM(y Ty t) "o
< (== , M
(CFMI(X,Tx,t)+<CpM(y1,Ty,t)+l CrM(x,y,6)

<0

Therefore ||CM(x,y,t)|| = 0. Thusx =y’

Hence x'is an unique fuzzy fixed point of T.
ii. Now
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CpM(T™x', x',t) = CeM(T™ 1Tx, x, t) = C;M(T™ 1x, x, t) = C;M(T™ 2(Tx), x,t) ... =
CeM(Tx, Tx',t) = 0

Hence T™x’ converges to a fuzzy fixed point, for all x" € X.
Corollary 2.1:

Let (X, CgM,*) be a complete cone fuzzy metric space and S be a normal cone with normal constant L. suppose
the mapping T: X — X satisfies the following conditions:

CpM(x,Ty,0)+CpM(y,Ty,t)
CPM(x,Tx,t)+CpM(y,Ty,t)+1

CpM(T,, Ty, t) < ( ) CrM(x,y,t) (2)

For all x,y € X. Then

1. T has fuzzy unique fixed point in X.
2. T™x' Converges to a fuzzy fixed point, for all x' € X.

Proof :

The proof of the corollary immediate by
Taking I = 1 in the above theorem.
Theorem 2.2:

Let (X, CpM,*) be a complete fuzzy metric space and let T be a mapping from X into itself. Suppose that T
satisfies the following condition:

CrM(y,Tyt)
CFM(x,Tx,£)+CpM(y,Ty,t)+1

CM(T,, T, £) < ( ) CeM(x, y, t) @3)

Forall x,y € X,wherel>1&t e X .Then

1. T has unique fuzzy fixed point in X.
2. T™x' Converges to a fuzzy fixed point, for all x" € X.

Proof :
1. Letx, € X be arbitrary and choose a sequence {x,} such that x,,.; = T x,
We have
CrM(xp41, Xp, t) = CpM(T 2, T x4, t)

( ‘CFM(xn—l,Txn—l't) )CI;M(X X, q t)
> n*n-1,

CFM(xp, Xn41,8)+CFM (p—1,2%0,0)+1
CFM(xn_l xn,t)
< . C
- (CFM(xn,xn+1,t)+CFM(xn_1,xn,t)+l) bFM(xn.xn—ly t)

CpM(xp—1,2%n,t)
< F n—1,*n lal M
- (CFMI(xn,an,t)+CpM(xn_1,xn,t)+l “F (x"'x"_l' t)

Take

}, — CFM(xn_xm.1,t)+CpMI(xn_1’xn,t)
n CFM(xn,xn+1,t)+CFM(xn_1,xn,t)+l
We have
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CFMI(erI' Xn t) < lnCFM(xnv Xn-1 t)

< (}‘n}‘n—l)CFM(xn—lﬂ Xn—-2, t)

< (AnAn-1 A1) CpM(xy, X0, 8).
Observe that {4,,} is non- increasing, with positive terms.
S0, (A1 ... A4,) < 21" — 0. It follows that

nl—i:;(}hl}hz wy) = 0.
Thus, it is verified that

A CeM (%19 X0, t) = 0.

Now for all m, n € N we have

CI"I\\/H(xm,xn' t) = CFM(xn: Xn+1, t) + CFM(xn+1: Xn+2, )+ CFIMI(xm—li Xm t)
< [Andno1 40 + (Angadp A1) + -+ (A1 dm—z - 41)] CpM(xq, X0, )
= Yhon Ak - A1) CrMI(xq, %o, 1)

ICEM (X, X, O < L||Z05 (AgA gy - A1) CpM(x4, X, 1) ||
ICEM (X, X, Ol < LIRS (g Ay - A1) ICEM (x4, X0, B) |
ICPM (X, xp, Ol <L Zl=_nl a [|CpM (x4, x0, Ol

Where ay—(4,4,_,..4,) @nd L is normal constant of S.

lim P
Now 1 <1 gnd Y%_, ayis finite, and
koo

Yol (Agdg—1 A1) = 0,as m,n - o,

Hence {a;} is convergent by D’ Alembert’s ratio test, therefore {x,} is a cauchy sequence. There is x' € X such
that x,, —» x'

CpM(Tx', x',t) < CpM(Tx', Tx,,, t) + CeM(Tx,, x,t)
CpM(x', T ) +CpM (2, T2, t) . '

< F n. n ral

= (CFM(x’,Tx',t)+<CFM(xn,Txn,t)+l) CrMQty, x,8) + CpM(Tay, x, 8)
CrM(x,Tx ) +CpM (2, T 4 1,8)

= \CpM(xTx't) +CpM (2, Txn 41,6 +1

) CFM(xnl x’: t) + CFM(Txn+1, x', t)

CFrM(Tx,x, ) <0 asn— o
Therefore ||CeM(Tx',x,£)|| = 0. Thus, Tx' = x.
Uniqueness
Suppose x' and y’ are two fuzzy fixed points of T.
CpM(x,y,t) = CkM(Tx, Ty, t)
< ( CpM(x,Txt)+CpM(y Ty t)

CFM(x’,Tx’,t)+CFM(y',Ty’,t)+l) CeM(x,y. 8)
<0

Therefore ||CeM(x,y, £)|| = 0. Thusx =y
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Hence x'is an unique fuzzy fixed point of T.
2. Now

CpM(T™x, x',t) = CeM(T™ T, x, t) = CpM(T™ 1x, x,t) = CpM(T* %(Tx), x,t) ... =
CpM(Tx, Tx',t) = 0

Hence T™x' converges to a fuzzy fixed point, for all x' € X.
Corollary 2.2:

Let (X,CgM,x) be a complete fuzzy metric space and let T be a mapping from X into itself. Suppose that T
satisfies the following condition:

CpM(y,Ty,t)
CFM(T"'TJ’" t) < (CFM(x,Tx,t)+CpM(y,Ty,t)+l
Forall x,y € X,wherel > 1 &t € X. Then

) Cemcxy,e) @

1. T has Specific fuzzy fixed point in X.
2. T™x' converges to a fuzzy fixed point, for all x" € X.

Proof :

The proof of the corollary immediate by
Taking I = 1 in the above theorem.
Theorem 2.3:

Let (X, CgM,*) be a complete cone metric space and P be a normal cone with ordinary constant L. suppose the
mapping T: X — X satisfies the following conditions:

CpM(x,Ty,t)+CpM(y,Ty,t)
CFM(x,Tx,£)+CpM(y,Ty,t)+1

CeM(T,, T, t) < ( ) (CFM(x, Ty, t) + CpM(y, Ty, t)) (5)

Forall x,y € X,wherel>1&t € X.Then

1. T has unique fuzzy fixed point in X.
2. T™x'converges to a fuzzy fixed point, for all x' € X.

Proof :
Let x, € X be arbitrary and choose a sequence {x,,} such that x,,,; = Tx,,.

CFM(xnt Xn+1, t) = CFMI(Txn: T Xn-1, t)

CEM (25, Txp—1,8) +CpM(xp—1,Txp,t) )
s (CFM(xn,Txn,t)+CFM(x,,_1,Tx,,_1,t)+l (CF My, TXn, 8) + CPM (X1, TXn-1, t))

= (st aimon) (M ataes 0+ oM s )
< (rltat ) ) (M (e, ) + CrM( a1, )
(St iion) (M atens 0+ M s )
Take
_ CpM(xp—1,%n,t)+CrM(xp Xni1.t)
-

CFM(xn,xn+1,t) +CpM(xp—1,%0,t) +1
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We have

CFM(an,xn, t) <1, (CFM(xn,an, t) + (CFM(xn‘xn_l, t))
(1 — 2,) CpM(xp41.%,,t) < A, CpM (2, %51, t)

CpM(Xp 412, ) < (1/_1';11) CrM (2 %1, )

AnAn-1
< —————— CeM(x,,_1 x,,_2, €
A-2p)(A~An-1) T (1202, t)
AnAn-1..41

= (1-2)A-Ap-1)..(1-21) CeM(x1,%0,t).

< ¥n CeM (21 %, 1)
Where

_ AnAn_1.-A1
T (-2 (A-2Ap-1)..(1-11)

Vn

Observe that {4,} is non increasing, with positive terms. So, (44 ...4,) < 1," - 0.
It follows that

nggl (AIAZ An) =0.
Therefore

lim —
n—-w YH - 0

Thus, it is verified that
A CeM (%11, %5, t) = 0.
Now for all m, n eN we have

CrM(%pn X, t) < CpM(Xy, Xpi1, £) + CeM (i1, X2, ) + - CpM(Xppq, Xy, £)
S [(Fn + Vasr + o+ Vine1)] CeMi(xq, X0, 1)
< Yty CeM(xy, X, )

ICEM (X, X, O] < LI| TR ¥ie CEM (24, X0, )|
ICEM (X, X, Ol < LIRS Vi ICEM (24, X0, D) |
||CFM(xml xnl t)" S L ‘;{n=_13- ak "CFM(XII xO) t)“l

where a;_y; and L is normal constant of S.

lim s e
Now %1 < 0 and Y7_, ayis finite.

k- Ak
Since Y1y, is convergent by D’ Alembert’s ratio test as m — oo.
Therefore {x,,} is a cauchy sequence.
There is x' € X such that x,, > x'asn - o
CpM(Tx', x',t) < CpM(Tx, Tx,, t) + CeM(Tx,, x,t)

C M(x’,Tx ,t)+CpMI(xn,Tx',t) ' ,
< F n ral
< (CFM(x,'Txn)mM ALl ) CpMCr, X, 8) + CpM(Tx,, X, 0)
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= (s ) o, .0+ T 0
CpM(Tx, x,t) <0 asn— o

Therefore ||CpM(x, Tx', t)|| = 0.

Thus, Tx' = x.

Uniqueness

Suppose x and y' are two fuzzy fixed points of T.
CeM(x,y,t) = CkM(Tx, Ty, t)

cpM(x', Ty’ t)+CpM(y’ Tx' £) ’ ' ' '
= ((CFM(x’,Tx’,t)+(CFMI(y’,Ty’,t)+l) ((CFM(x Tx, 80 + CeM(Y', Ty ’t))

<0

Therefore ||CpM(x,y, 0)|| = 0. Thus x' =y
Hence x'is an unique fuzzy fixed point of T.

(i) Now

CpM(T™x, x,t) = CEM(T™ 1(Tx),x’,t) = CeM(T" x,x,t) = C;M(T™ 2(Tx),x,¢t) ... =

CrM(Tx,x,t) =0
Hence T™x’ converges to a fuzzy fixed point, for all x' € X.

Corollary 2.3:

Let (X,CrM,x) be a complete fuzzy metric space and let T be a mapping from S be a normal cone with normal

constant L. Suppose the mapping T: X — X Satisfies the subsequent condition:

CpM(x,Ty,t)+CpM(y,Ty,t)
CFM(x,Tx,£)+CpM(y,Ty,t)+1

CpM(T, Tyt) < ( ) (CPM(x, Ty, ) + CM(y, T, t))

Forall x,y € X. Then

1. T has unique fuzzy fixed point in X.
2. T™x converges to a fuzzy fixed point, for all x € X.

Proof :

The evidence of the corollary on the spot by taking L = 1 within side the above theorem.
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